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Study Material

On Ordinary Differential Equation of Higher Order which includes:

Linear differential equation of nth order with constant coefficients, Simultaneous linear
differential equations, Second order linear differential equations with variable
coefficients, Solution by changing independent variable, Reduction of order, Normal
form, Method of variation of parameters, Cauchy-Euler equation, Series solutions
(Frobenius Method).

Differential Equation:
Consider the area of a rectangle A = xx y so area depends upon the length and
breadth of rectangle. So changing the length and breadth of the rectangle we get a
new area or area changed. So Area of a rectangle depends on length and breadth of
rectangle. So here length and breadth are independent variable and Area is
dependent variable.

A=f(xy)
Similarly, we can take y = f(x).
The differentiation of y with respect to x is called derivative of y with respect to x.
An equation involving independent variable, dependent variable and their derivative
with respect to independent variable is called a differential equation.
For example, you may consider.
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are differential equations, since they contains x as in independent variable, y as

dependent variable and % the derivative of y with respect to x.

Ordinary Differential Equation: If the differential equation contains only one

independent variable then it is called an ordinary differential equation. If it contains
more than one independent variable then it is called partial differential equation (1),
(2) are ordinary differential equation and for partial differential equation you may

consider y(i_aﬁ+ x%';‘:cx is partial differential equation as dependent variable

A contains two independent variable x and y.

Order and Degree of a Differential Equation: Order of a differential equation is

the order of highest derivative involved in the equation. For example in (2) the

.. dy d?y ; ) .o dPy
derivatives are i and in the these two highest order derivative is

- S0 order

x dx? dx

of this differential equation is 2.
Order of (1) is 1.

Degree of a Differential Equation: Degree of a differential Equation is degree of

highest order derivative involved in the equation when equation is free from radical
and fractional powers.

Example. Differential equation (1) & (2) are of first degree and (3) is of second

2 3 2 3
degree as d ¥+ 1+(d—yj =0 :(ﬂj +1+(ﬂj =0.
dx dx dx dx

Linear Differential equation : A differential of the form %+ Py=Q

where P and Q are functions of independent variable x (only) (But not y or
constants) is called a linear Differential Equation.
It is said to be linear because the dependent variable y and its derivative w.r.t. x
occurs only in Ist degree.

Working Rule to solve linear differential equation of Ist order:

1. Arrange Given differential equation in the form %+ py =Q.

2. Write down its ILF. =eJ™*



3. General solution of differential equation is y.(I.F.):jQ(I.F.)dx+c.

Example.: Solve the differential equation %+3—y=i.

x x x

Solution : Given differential equation is in Linear form with P _3 and Q =i4.
X X

Hence IF. =¢/"* = ¢l™ :esj%dx —eoox — 3
Therefore General solution of differential equation is y.(l .F.):jQ(I.F.)dx+c.
y.(I.F.):J.Q(I.F.) dx+c = yx* =I%(X3)dx + C¢ where c¢ is arbitrary constant of
integration.
Example: Solve the differential equation (1+ xz)%ﬂxy =CoSX.

dy 2xy  Cosx
dx 14 11%

Solution : Given differential equation can be written as

2x2 & _ Cosx

which is a linear differential equation with P = = ]
1+x 1+Xx

2

and its integrating factor is e’ *dx =1+ x*.

Hence Required solution is

1+x c+J~COS 1+ X2 dx c+ICosx C +Sinx

c+Sinx

or y=
y 1+ x?

Equation Reducible to Linear form (Bernoulli's form)

Bernoulli equation is the form %Jr py =Qy" ........(1)
X

where P and Q are functions of x only.

This can be reduced to linear form by dividing it by y" and substituting

_ 1n _
—=v ory "=

Dividing by y" equation (1) becomes y™" %+ PY "™ =Q e 2



dy

Now put v=y"" = dv_ L-n)y™"
dx dx

dv
e V =
oo =0

so (2) becomes
dv
or —+ p(l—-n)v=Q(@-n)
dx
which is a linear equation and can be solved.

Problem : Solve the differential equation X%+ y=xy®
X

Solution : Given equation can be written as y° %+1 Y2=X i, (1)
X X

Now put y?=v=-2y* 2L =—"

So (1) becomes —1y+le
2dx X

which is a linear equation

1
) ~2/4 N log— 1

and its I.F. :ej sze 2logx _ o " ==
X

: : .1
— (-2
so solution of equation (2) is v. 2 _J' Ad’”c

i 1 2 ) )
putting the value ofv we have x2_y2 = ;+c which is required solution.

Exact Differential Equation: If a differential equation is obtained by direct

differentiation of its primitive (solution) without any other process like elimination
or reduction then it is exact differential equation. For example, x dy + y dx =0isan
exact differential equation since it is obtained by direct differentiation of xy = c?
which is its primitive.

In other words, (W.M.) : A differential equation Mdx + N dy = 0 is said to be an

exact differential equation if the condition %Vl = %—’)\: is satisfied,



where aa—l\; is differential coefficient of M w.r.t y keeping x constant

and aa—N is differential coefficient of M w.r.t x keeping y constant.
X

Method for solving exact Differential equation (W.M.):
Step-1: Integrate M w.r.t. X keeping y as constant.

Step-11: Integrate w.r.t. y, those terms of N which not contain x.
Step-I11: Result | + Result Il = Constant is the solution.
Example: Solve the differential equation

(5x4 +3x%y? — 2xy3)dx +(2x3y —3x%y? —5y4)dy =0.
Solution : Here M =5x*+3x’y* —2xy°®, & N =2x’y-3x’y’-5y*
Check

SO %=6x2y—6xy2 & ﬂ:6x2y—6xy2
oy OX

. oM ON . .
since — =— hence given equation is exact.
oy OX

Now IM (treating y asconstant) dx+j(items of N not conting x)dy =C
or I(Sx4 +3x%y% —2xy° )dx+ I(—Sy“dy) =C

j(5x4 +3x2y? —2xy° )dx+J.(—5y4dy) =C

X5 X3 X2 y5
52 +3y’ 2 —2y* 2 _5y* L _C
5 V3 YT

x5 JrX3y2 —x2y3—y5=C _

Integrating factor: Sometimes an equation which is not exact can be made exact

differential equation, by multiplying some suitable function of x and y. This function
Is known as integrating factor of the differential equation.

) oM  ON
For example (y—x)x*Sin ydy +(1+x*)dx=0 is not exact as ——# —

oy ox

But after multiplying by iz given equation becomes exact differential equation.
X

Rules for Finding Integrating Factor:




Rule-1 : When the equation Mdx + Ndy = 0 is homogeneous and Mx + Ny = 0 then

integrating factor of the equation is
Mx + Ny

Problem : Solve the differential equation (x*y—2xy®)dx—(x*-3x*y)dy =0
Here M =x*y—2xy®> and N =-x>+3x’y
oM

— =x* —4xy, aa—N =—-3x* +6xy
X

. om ON . L
since — # — = Given equation Is not exact.
oy oX

Given equation is homogeneous and
Mx + Ny = (xsy—2x2y2)+(—x3y+3x2y2)
=x’y* #0

1 1

So LF. = ==
Mx+Ny x°y

2

Multiplying given equation by

vl we get

83
y X y  y

which is exact equation and Its solution is
j(l—gjdxﬂ'édy:c
y X y

or 5—2Iog x+3logy=c
y

3

y

X : : :
or —+log=;=c is required solution.
X

Rule-11 : If the equation is of the form f,(xy).ydx+ f,(xy)xdy =0 and Mx— Ny =0

then the Integrating factor of the equation is
Mx — Ny

Problem : Solve the differential equation (y—xy?)dx—(x+x’y)dy =0.
Solution : Given differential equation can be written as (1— xy)ydx—(1+ xy)xdy =0

Here M =xy—xy?* N =—x—x%y



Mx—Ny=(xy—x2y2)—(—xy—x2y2)=2xy¢0

1

So Integrating factor = = :
Mx—Ny  2xy

Multiplying Given equation by I.F. we get

(1— yj dx—[l+ Xj dy =0 which is exact and its solution is
X y

I(%—yjdwrj—%dy:c

X
or logx—xy—-logy=c=log——-xy=C.
y

Rule-111 : If the equation Mdx+ Ndy =0 and 1(%—@j is a function of x say

N OX

f(x) then LF. el ®*.

Problem : Solve the differential equation (x* +y* +2x)dx+2ydy =0

Solution: M =x>+y*+2x,N =2

M _,, N _,
oy OX
so —| M _N =i(2y—1)=1 which is a function of x
N{ oy ox 2y

ILF. = eIldx =e*

Multiply by e* we get e*(x* +y +2x)dx+e*2ydy = 0 which is exact and its solution
is Iex(x2+y2+2x)dx+IOdy=C.

Rule - IV : If the equation Mdx+ Ndy =0 and i(%—%j is function of y say

M | ox

f(y) then LF. =/ "%

Problem: Solve the differential equation
(3x2y4 + 2xy)dx+(2x3y3 = xz)dy =0.

Solution : Here M =3x°y* +2xy, N =2x%y® —x°

™m =12x%y° + 2, N _ 6x%y® — x?
oy OX



1(oM N (6X°y —x*)—(12x*y° +2x)
M[E_&]__ 3x2y* +2xy
~ —2(3x2y3 +2x) 2

y(3x°y° +2x) Ty

CJtody  —fayay gy 1
ILF. =e =e e _?

Multiplying by iz equation becomes
y
2
[3x2y2 +Q}dx+(2x3y—x—2j dy =0
y y
which is exact diff equation and its solution is

j[?;xzyz +2—;jdx+IOdy:C

2
or X +y? +X7 =C which is required solution.

dy _ fi(xy)
dx (X, y)

Homogeneous Equation : An equation of the form is called a

homogeneous equation, where fi(X, y) and f2(x, y) are homogeneous functions of
same degree in x and y that is fi(x, y) = x" fi(y/x)
fa(x, y) = X" f(y/x)

o W_XHOY)_¢yx
dx  x"f,(Xx,y)

Now put y/x =v or y=vx:>d—y=v+xﬂ
dx dx
dv
So from (1) v+ X&: (') 2
. . dv dx
Separating the variables =—
P J f(v)-v X

Integrating this, we get required solution.
Problem: Solve the differential equation

x*dy + y(x+ y)dx =0



Solution : Given equation can be written as %er(x_:ry) =0 v @
X X

This is a homogeneous differential equation.

Puty = vXx.
dy dv
= ——=V+X—
dx dx

Equation (1) becomes v+ x I, w =
d

X X

0

or v+ x%+v(1+v) =0
dx

dv dx
or +—=0
viv+2) X
or l[l—i}dH%:O
2|lv v+2 X

Integrating we get %[Iogv —log(v+2)]+logx=c

Vv
or Iogx/—:c
V+2
or log x yIx =C
yIx+2
y/x c
or x |[——— =e® =k(say)
y/x+c

or x’y =k*(y+2x)

Non Homogeneous equation can be reduced to homogeneous form:

Equation of this type is dy ax+by+c

dx Ax+By+C

Case-l when %i%then put x=X+h & y=Y+k

dy _dY _a(X+h)+b(Y +k)+c _ aX+by+(ah+bk+c)

dx dX A(X+h)+B(y+k)+C AX +BY +(Ah+Bk+C)
Choose h and k such that ah+bk+c=0

Ah+Bk+C =0

S0 equation (2) becomes dy _ aX+by

———— which is a homogeneous equation.
dX AX +BY



and can be solved by putting Y = vX.
Problem : Solve the differential equation (x+y+5)dy = (y—x+1)dx

Solution : Given differential equation can be written as dy_y-x+1 (1)
dx Xx+y+5

Put x=X+h,y=Y +k

i dYy (Y-X)+(k—-h+1)
Th t ducedto —=-——"""" - ......cciitrrn 2
e equation reduced to X (X3Y)+(hik+5) (2)

Now choose h and k such that

k-h+1=0
h+k+5=0
Solving these equations, we get
h=-2, k=-3
) dY Y-X
so equation (2) becomes —=—"— ..o 3
g () dX X +Y ()
Now put Y =vX
dy dv
= —=V+—
dx dX
dv vX =X
soby (3) v+ x—=
y () v+ dX x+vX
dv. v-1
ofr X—=———
dX v+1

1+v? X
Integrating | 1, v — |dv+ K _c
1+ve 2(1+Vv9) X

or tan‘lv+%log(1+v2)+log X=C

Y24 X2

x2

or tan‘1§+%log( j+|ogX=C

or tan‘1%+%log[(y+3)2+(x+2)2}:C



Case-I1 : When E:B
A B

thenlet 2=2 -1 A_ak and B=bk
A B K

oﬂ_ ax+by+C
dx k(ax+by)+C

U
& _dv by o

Now put ax+by=v=a+b
dx dx dx b

dv
S0 ax o _v+C or v _ (b+akjv+(be+ac)
b kv+C dx kv+C

Example: Solve the differential equation (4x+6y+5)dy = (3y +2x +4)dx

Solution : Given Diff. equation can be written as dy _3y+2x+4
dx 4x+6y+5
p W Syraxxd (1)
dx 2(2x+3y)+5
Put 2x+3y=v= 243 -
dx dx

1(dv V+4
Soby (1) 5[&_2}@15

dv  7v+22
or —=

dx 2v+5

(2V+5
r

v+22

jdv:dx

Integrating we get IE_% — L -
+

}dv=J'dx+c
2
.'.7v—9Iog(7v+ 22)=x+C

%(2x+3y) —9log(l4x+21y+22) =x+C

Required solution of given differential equation.

Differential Equation of nth order with constant coefficients:

Linear Differential Equation: If degree of dependent variable and its derivative is

one then such differential equation is called linear differential equation.



2

For example (; 2’ +5%+6y = x%is linear differential equation.
X X

Non Linear: If degree of dependent variable and its derivative is more than 1 then

such differential equation is called non-linear differential equation.

2 2
For example (3—2’} +%+ y = x? is non-linear differential equation.
X X

General form of a linear differential equation of nth order is

a4 is denoted by D.
dx

DY+ p DY H e, FPY =X e, (2)
or f(D)y=X
where f(D)=D"+ pD"* +........... +p,

dy

Let us consider a differential equation d—+ py =Q of Ist order.
X

Its solution is yel™ ZIerpddeC
or =>y= ce /P +effpdx.erIpdxdx
= y=Cu+Vv where u= S L A efjdeJ'QeIpdxdx
(1) Now differentiating u=e /" w.r.t. x.
du

e Tre =—pu:>d—u+ pu:O:iCu+ pCu =0
dx dx dx

SO y =cu is the solution of di(Cu) + p(Cu) =0.
X

(2) Differentiating y=e’I e j Qe/"*dx with respect to x.

dv__

pefj P I Qefj Py e deQefI P dx
dx

:ﬂ:—pv+Q:>ﬁ+ pv=0Q
dx dx



so y = v is the solution of ?Jr pv=Q
X

so solution of (1) is (2) consisting of two partrs i.e. u and v, cu is known as
complementary function and v as particular Integral.
So general solution = complementary function + particular Integral.

Method for finding Complementary function:

Let y=e™ then D'y =m'e™
s0 equation (2) becomes (m" + pm™* + p,m"? + ...+ p,)e™=
or y=e™ is asolution of (1) if
m" + p,m"t+ p,m"C +...... +p,=0
This equation is known as Auxiliary equation and mz, m, ......mn are roots of A.E.
There are three cases.
Case-1 : Roots are real and different then solution is
y=Ce™ +C,e™ +...... +C e™
Case-11 : Roots are real and some of them are equal say m, =m, =m
then solution is y =(C,+C,x)e™ +C.e™ +.......... +C e™
Case-111 : Some of roots are imaginary say m =a+if8, m,=a—if then general
solution of (1) is
y=Ce " C el L Ce™ +.......+C ™
=e“[C,(Cos Bx+iSin Bx)+C, (Cos fx—iSin BX) +......
=e™[(C,+C,)Cos Bx+i(C,—C,)Sin BX |+ .oovvvrvre
=e™[ACos Sx+BSin Bx]+...cccuuenn.

2
Problem : Solve OI—2’—8ﬂ+15y=0.
dx dx

Solution : Given equation is (D2—8D +15)y=o soD =3, 5.
Hence required solution is y=e* +C,e>

2
Problem : d_z/_ ﬂ+9y:0
dx dx

(D*-6D+9)y=0 AE.is D’°~6D+9=0or (D-3)°=0 orD=3,3



Hence required solution is y =(C, +C,x)e*

dy

+5y=0
dxy

d®y
Problem : Solve F+4
X

Solution : Here Auxiliary equation is D*+4D+5=0 and its roots are -2 * i

so required solution is y =e™(ACosx+BSinx).

Method of finding particular Integral : Particular Integral of a differential

. . 1
equation f(D)Y = X X
q (D) is (D)
Case-l. when X =e* then P.l.= 1 e = ! e if f(a)=0

f(D) f(a)
If f(a)=0 then 1 e™=x L e™
f(D) f(D)

Case-1l : when X =x" thenP.l. = f(lD)x”:[f(D)]‘lxn expand [f(D)]" and then

operate.
Case-I11 : where X =SinaX then

P.l.= 12 Sinax = —Sinax if f(-a®)=0
f(D%) f(-a’)
and —— —Cosax = —Cosax if f(-a®)=0
f(D?) f(—a?)
If f(-a®)=0 then %Sinax=x.—28inax
f(D?) f'(—a’)

Case-1V : when X =e*@(x)

e J(X) =% (%)

ThenP.l. =
f (D) f(D+a)

Case-V : P.I. :$¢(X) =™ [ g(x)dx

Case-l.
Problem : (1) Solve the Diff. Equation (D*+6D+9)y =5e" +e ™
Solution : A.E.is D*+6D+9=0=0=-3,-3

so C.F. =(C,+C,x)3e™*

and Pl =— (56 +e )
D“+6D+9



1 2x 1 3
> e” +—; e
D“+6D+9 D“+6D+9
1 2X 1 e—3><

=5————e" +X
2°+6.2+9 2D+6

( D?+6D+9=0 at D=—3)

. 1 X
so general solution is y =(C, +C,x)e™ +§ezx +?e,3x_

Case-II.
Problem : Find P.I. to the differential Equation (D*+4)y=x.
2\1 2
Solution : P.l.=—+ x=2[14D0) w221 DOy k=X
D’ +4° 4| 4 47 4 4
_ L 1—§D+ZD2+ ......... x?
2D 2 4
:i(x2—§.2x+—2J
2D 2
3 2
:1 X__3X_ ZX
2\ 3 2 2
Case-l111 :

Problem : Solve the differential Equation (D*-3D +2)y =6e” +Sin 2x

Solution : A.E.is m*-3m+2=0=>m=1m=2
so C.F. =Ce*+C,e**

P.I. :2;(%3X +Sin 2x)
D -3D+2

=6 1 e + 1 Sin2x

D?-3D+2 D?-3D+2
1e3x+2;Sin2x
2 -2°-3D+2

=06.

=3 — Sin 2x

D+2



=3 - 3D2_2 Sin 2x
9D“ -4

=3e¥ —ESin 2x = 3e¥ +i(3i—2]8in 2X
0 40\ dx

=3e* +4—1O(3Cos 2x.2—2Sin 2x)

=3e* +2—10(3Cos 2x—Sin 2x)

Hence general solution is y =C,e* +C,e* + 3™ +2—10(3Cos 2x—Sin 2x)

Case-1V :
Problem : Solve the differential Equation (D2 -4D +1) y =e™*Sin 2x
Solution : AE. is m*~4m+1=0=>m=2++/3
so C.F. = Cle(2+""'§)X +C2e(2‘“’§’X
= (Cle\ﬁX +Cze’\/§x)ezx

= (Cl Cosh+/3x +C, Sinh \/§x)eZX

P.I.=2;e“8in2x=eZX - 1 Sin 2x
D°-4D+1 (D+2)°-4(D+2)+1
= e 21 Sin2x
-3
=g 1 Sin 2x
=—le2XSin2x
-

GS.= (c1 Cosh+/3x+C, Sinh J§x)e2x -%e“ Sin2x

Case-V :
Problem : Solve the differential Equation (D2—3D+2)y=e5x
Solution : (D*-3D+2)y=e"

or (D-1)(D-2)y=¢e>

C.F. y=Cpge*+C,e*



1 5x 1 1 5x
EECECEN :ha—szo—n}e

— 1 e5x _ 1 e5x
NCEMCE

= eZXJ.eSX.e’Zde - ezxj'esx.e’xdx

_e2x ﬁ _ex i
3 4

. 1
Hence general solution is y =Ce* +C,e* + Ee“ :

Homogeneous Linear Differential Equation with Variable Coefficient (Cauchy-
Euler Equation):
A Linear differential equation of type

=t +a,y=¢(x)=Q

where o, at, «oooveveiennne an are constants is called a homogeneous linear

differential equation with variable coefficient.

To solve this equation put x=e*, z=Iloge” % =D

% dy gz 1dy or xd—y_d—yorxdy Dy
dx dz dx X dz dx dz dx

agalndy d( j (igyj ldy 1dydz

dx? z) x*dz xdz “dx
_ldy 1dy1
x? dz xdz2 X
1(d?y dy) 1,
== | =2 == (D°-D
x?\ dz? dz] x2( )y
2
or xz%:D( -1)y
- d’y
Similarly x’*—=D(D-1)(D-2)y



Substitution of these values in (1) reduces the given homogeneous equation to a
linear differential equation of n' order with constant coefficients.
Working Rule:

Step 1: Write the given equation in D-notation form.

Step II: Replace XD, X°D?,X*D? ...oeve.. etc. in the equation by

xD=D',x’D*=D (D'-1),x’D° =D (D'~1)(D'-2)and so on.

Step Ill: Obtain equations is linear differential equation with constant coefficients, find

C.F. and P.I. treating z as independent variable.

Step IV: Lastly put back z = log x to get the required result.

2
Problem: Solve X’ ay_ xﬂ +y =2log x.

x> dx
Solution: D-notation form of the given equation is

(x°D*-xD +1)y =2log x

On putting X=6"and xD =D',x’D’ =D'(D —1), we have
[D'(D' —1)—D'+1Jy=22 (asloge* =z)

(D'-1) y=2z

Here A.E.is (m—1)" = 0givesm=11. 50 C.F is y =(c, +¢,z )€’

Now P.I =L.X =%22 = [(D' —1)2}22

f(D) (D'—l)
=[1+2D'+ ................. ]22=22+4

Hence the general solutionis C.F+P.l. i.e., ¥ =(C, +C,z)e’ +2z+4.

y =(c, +¢, logx)x+2logx+4 (putting z =logx) Ans.
2
Problem: solve X’ d—gl — 3Xﬂ +4y =2x°.
dx dx

Solution: D-notation form of the given equation is

(xzD2 —3xD+4)y=2x2



On putting X=e’and XD =D, x’D* =D’ (D' —1) we have
[D(D'-1)-3D +4]y=2e” (as Xt = (et en)
(D'Z —4D'+4)y=2e22

Here A.Eis (m—2)2 =0 givesm=2,2,s0C.Fis y =(C1 JrCZZ)e22

1 1 1

— — 2z . —  9p2t
Now P.I = f(D') X _(D'—l)z 2e _(D'—Z)z 2e™.1
=2 ,1 ~e’ .1
(D'-2)
(here X isof forme®V,V =1, art.l.2)
1 1
p; =2e% 1=2e% — 1 1,
.pl =26 {(D'+2)—2}2 e > (here ~ 1 Hldzdzj
= ZeZZi.z:Zezzlz2
D 2
- e%%7°

Hence the general solutionisi.e., y= (Cl +sz)eZZ +e%%7?
y =(c, +c, logx)x* +e***(log x)2 . (putting z=log x)

y =(c,+¢, logx)x* +x*(log x)z. Ans.

3 2
Problem: Solve x° d—g—sz d Z+2y :10(X+1J.
dx dx X

Solution: D-notation form of the given equation is
(x:“D3 +2x°D? +2)y =10(x+%j.
On putting x=e? and xD=D",x*D?=D (D'-1).X3D'=D"(D'-1) (D'-2)
We have [D'(D' -1)(D'-2)+2D (D —1)+2Jy =10(e" +e7?).
:>(D'3 +D’ +2)y:10(ez +e).

Here A.Eis m3®-m?+2=0 = (m+1) (m?-2m+2)=0

2+/4-8
2

=m=-landm= orm=-landm=1+i



Hence, C.F =ce™ +e’(c,cosz+c;sinz).

1 1 2 a2
Now P.I = = f(D')X = -10(e* +e7*).

(D'3 _p° +2)

=10 = -€°+10 = e’

(D'3 D'+ 2) (D'3 D'+ 2)2

first part of P.I= =10 ! e’ =5e’ [on putting D' =1] (i)
- fi 1==10—"——¢'= utti O (
P C-r+2) PUTIIne

1 ~

Now second part of P.I = 10 - - >
(D -D +2)

0 ! e’
(D —1)(D'2 _2D +2)

On putting D'=1 except (D'+1) because it becomes zero, a failure case of f(a) =0

Which can be solved by the formula X = e”’XJ-ef‘” Xdx

D-a)
1 -
(D' +1)((-D*-2(-1)+2)

10 ., 1 o oifazaz
_—S(D'+1)e _Z(D,+1)e =2e Iee dz
=228 N (1)

=~ from (i) and (ii)
P.| = 5e%2+ze””

Hence the general solution isy = C.F + P.l.=Ce”* +& (C, C0SZ +C;SiN Z )+ 5e’+2+z€"*

Problem: Solve the differential equation (XZD2 + XD + 4) y=0.

Solution:

Substituting x =e* = Inx =2z = xD = D,,x’D? = D, (D, —1), the givenequation reducesto
[D,(D,~1)+D,-4]y=0=(D;/-4)y=0

The root of the corresponding characteristic equation are m=2, -2. The required solution of the

transformed equation is

2z -22
y=ce”“+c,e



Putting logx =z, we have the desired solution as
y =c X2 +C,X 7
Here c, and c, are arbitrary constants.

Problem: Find the general solution of the differential equation (XZD2 +1) y =3x%,

Solution: substituting X = &?,, the given equation reduces to
(D, (D,~1)+1)y =3¢* = (D’ - D, +1) y = 3¢*
The characteristic equation of this differential equation is
(mz—m+1)=0 :m=(1¢i«/§)/2

The complimentary function is

o]

Substituting z = Inx, we get

The particular integral of the transformed equation is

1 3e22 — 1 3e22 — eZZ

Pl=—7"FH 7 2
D°-D,+1 2°-2+1

Hence the desired solution of the given differential equation is

tfie{oan{mf] ¢

Legendre ‘s Linear Differential Equation

The differential equation of the form

nd™ 1 d™ d
K, (ax+b) 3/+Kl(ax+b) ' n—)l/+ ........ +Kn_1(ax+b)—y+Kny:X
X dx dx
Where K0K1 ............... ,K, are constant and X is a function of x only, known as Legendre’

equation. Such equation can be reduced to linear differential equation with constant coefficients

by putting

dt a
b)=e'ort=I b) sothat— = :
(ax+b)=e'ort=log(ax+b) sotha ™ s



dy dydt_dy a

or(ax+b)%=(ax+b)d—y=ad—y=aDy,ifi= D

dx dtdx dtax+b dx dt - dt dt
Again dzy_iﬂ_i( a d_yj__ a® dy a iﬂ(d_yj
X X X X\ aX+ t ax+ t ax+ t ax t
& dx?  dxdx d bd b) d b dt dx | d
a’ ﬂ+ a®> d%
(ax+b)’ dt  (ax+b)® dt*
2d?y _,(d%y dy 2
or (ax+b) W:a © T a =a’D(D-1)y and soon

By substituting all these values in (2), we obtain linear equation with constant coefficients.
d? d
Problem: Solve (1+ )’ —g +(1+ x)—y +y =4cos(log(1+x))
dx dx
Solution: As the given equation is Legendre’s linear equation. Here we take (1+x) = et
d
1+x)—vy =Dy,
(1+x)y=Dy

2

d
(1+x)2Wy: D(D-1)y

(1+x)zj—;y=(D)(D—1)(D—2)y, ....... s00n

d

,where D=—
dt

The given equation reduces to

D(D-1)y+Dy+y=4cost=(D*+1)y =4cost,t = log(1+X)
AE (D?+1)=0 =D=xi

C.F =(c, cost+c,sint),

P.I = 21 4cost:4ticost:2t£2cost=2t2cost:2tsint
D°+1 2D D -1

Complete solution, y =(c, cost+c, sint)+2tsint,t =log(1+x).

2

Problem: solve (2X +3)2 % —(2X+3)% -12y =6X

XZ

Solution: Take 2x+3 =¢",t = |Og(2x+3) so that the given equation reduced to



[4D(D-1)-2D-12]y =3(e' -3)as6x =3(2x) =3(e' -3)

or 2(2D*-3D-6)y=3(e' -3)
AE 2D°-3D-6=00rD= 3i:1/5_7:m1,m2
m 3+57 3+457
Ve (1) =ce™ +ce™ =c, (e')" +c,(e')" =c,(e') * +c,(et) ¢
1
P oo 12 )
a1 g 1 . 3.3

————e-9—————¢e"=——¢
4D°-6D-12 4D°-6D-12 14 4

When y(X) =Yy (X)+Yp (X) =C, (2x+3)™ +¢, (2x+3)™ —%(2x+3)+§

Solution of Second order differential equation:

Equation whose one solution is known:

If y = u is given solution belonging to the complementary of the differential
equation. Let other solution be y = v. Then y = uv is complete solution of the

differential equation.

2

Let %+ p%+Qy= R i (1) be given differential equation and u is the

solution included in the complementary function of (1).

So +Pp—+Qy=0 e 2
o Pt )
Now y = uv
2 2 2
So ﬁ:v.d—u+u.y and d—gzvd—g+2d—\/d—u+ud—\;
dx dx  dx dx dx dx dx  dx

Substituting the values of in (1), we get

du _dvdu d* du dv
V—+2——+U—+p/V—+U— [+QuVv.=R
dx dx dx dx dx dx

Arranging (Collecting the coefficients of u and v)

du du dv  dv du dv
=>V|—+p—+QuU |+U| —5+p— [+2——=R
X dx dx dx dx



The Ist Bracket is zero by virtue of relation (2) and the remaining is divided by u.

2
d_j{ Ed_u}ﬂzﬁ ............... 3)
dx udx |dx u
Let d—_z sothatd—gzﬁ
dx dx® dx

So equation (3) becomes $+ [ p +gd_u} Z= R
dx u dx u

This is a linear differential equation which can be solved (z can be found)
which contains one constant on integration.

z= g_v , We can get v. So the solution is y = uv.
X

Rules to find out the integral belonging to the complementary function.
Criteria Part of C.F.

1.1+P+Q=0 e*
2.1-P+Q=0 e
3. 1+P+g=0 e
a a’
4, P+Qx=0 X
5. 2+ Px+Qx*=0 G
6. n(n-1)+Pnx+Qx*=0 X"

Problem : Solve y"—4xy'+(4x2 —2)y=o given that y=¢* is an integral included
in the complementary function.

Solution : y"—4xy'+(4x* =2)y=0 ..ccooorrrrnrrn (1)

On putting y =ve*’, the reduced equation is

d {p+2du}dv 0
dx?

u dx |dx
:>—+[ —4x )}dv 0
dx
:>d_‘2’+[ 4x+4x]dv O:dV—O:d—V_c:v Cx+C,
dx dx dx? dx



so complete solution is ..y =uv=e* (C,x+C,)

Problem : Solve the differential equation x (;y 2X(1+X) y+2(1+x)y X
X

2
Solution : xz%—2x(1+ x)%+ 2(L+X)y =x>...(1)

2
:>d y_2x(1+x)g+2(1+x)y:

dx? x?  dx x?
here P+Qx = _ZX(12+ X) 2(1J; Xy =0
X X

Hence y = x is a solution of the complementary function and let other solution is v.

Putting y = vx in (1), we get reduced equation

d3v { 2du}dv X
— A+ P+=——r—==
dx udx)dx u

d?v { 2x(1+x) 2 (1)}

dx? x?
:M—Zﬂzl %—22 1 as %:z
dx? dx dx dx

which is a linear differential equation of Ist order

and LF. = e/ ™ —g?
and its solution is ze™ = [e™dx+C,

—2X
Ze—Zx —

+C, or z= —%+C1e2X

or dv:(—£+ Clezxjdx:>v:—5+&ezx+c2
2 2 2
SO y:uv:x(—§+&e2X+C2J
2 2

: d?y dy »
Problem : Solve (x+2)F—(2x+5)d—+2y:(x+1)e
X X

dy (2x+5) dy 2y (x+1)eX

Solution : —-
dx=  (x+2) dx (x+2)  (x+2)




Here 1+ B+%:0 choosinga =2

a
2X+5 2

1- + =
2X+4 4x+8

Hence y=¢** is a part of C.F.
Putting y=e*v in (1), the reduced equation is

2 X
MJ{PJFEd_u} dv (x+De

dx? udx dx e (x+2)

2 X
d v{_2x+5+12€2ﬂ@_ (x+1De

= : =
dx? x+2 e* dx e”*(x+2)
2 -X
d \Z/J{_2x+5+4}@= (x+1e
dx X+ 2 dx  (x+2)

dv 2x+3dv (x+1e™*
=—+ —=
dx* x+2 dx (x+2)

dz 2x+3_ (x+1e~* (dv )
= —+ z= —=z
dx x+2 (x+2) dx

which is a linear differential equation with

1
l.F. = eJ Zxx++23dx = ej(z_m)dx = @2xlog(x+2) _ —ezx

(x+2)

2X
e X+1 _
e ¥dx+c

Its Solution is z. =j e
(x+2) I x+2(x+2)

:.[ex(x+12)dx+c=.|'ex[ t 1 2de+c
(x+2) (x+2) (x+2)

=z=e"+C(x+2)e

= dv_ e +C(x+2)e™
dx
=V= J.e’xdx + CJ. (x+2)e Zdx +C,

SO y=uv

2X |: -X Ce
=e”| e+
4

—2X

(2x+5) + Cl}

Normal form (Removal of First derivative)

2

Consider the differential equation d’y -+ pﬂ+Qy =R

dx? dx



Let y = uv be the complete solution of equation (1).

o) ﬂ:vd—uwd—v ................. Q)
dx dx dx

d’y d _dudv d%
c=U—+2——+V—
dx dx dx dx  dx

2

putting the values of y,ﬂ,d—g in (1) we get
dx dx
2 2
u0|—\2/+2%@+vd—l2J +p(uﬁ+vd—u)+qu:R
dx dx dx dx dx dx

vﬂ+d—u(pv+2yJ+u ﬂ+ py+Qv =R
dx®  dx dx dx> dx

ﬂ+d_u(p+gd_\/}+£ ﬂ-l— pﬂ-i-QV —E
dx?  dx vdx) vl dx? dx v

Last bracket is not zero as y = v is not part of complementary function.

Now removing the Ist derivative P+gﬁ=0 or wv__1 Pdx
v dx v 2

1
or log v:—%J'de:w:e o170

Now our objective is to find the value of last bracket
2

i.e. d ¥+ pd—y+Qy:R

dx dx
1
Now 3 _ Lol —lpv as v=e 3™
dx z 2

2
dV:_E@V_Eﬂ__Ed_pV_p( 1 ]

2 - >l 75 PV
dx 2 dx 2 dx 2 dx 20 2
2 dx u
d’y _dy 1dp 1, ( 1 ]
—“+Qv=—=—"V+=Dp‘V —=pv
dX2+de+ 2 dx +4p P 2p Q

2
d u +Ev(Q_1d_p_1 pzj:E

dx? v



dx? 2dx 4
2 1dp p?
+Qu= where — =
Qu=R Q=Q > dx 4
R R;.Wd

SO y=uv&v= eij

Working Rule to solve linear second order differential equations by reducing to its normal form:

d? y dy . dy .
+P—= + = R, coefficientof — isunity.
jpd ( p2_10P j Sfrx R
Step 2: Find v = € 2 ——P°-—=— |andR =Re* =—.
ep & Findv Q 2 dx R v

d’u
Step 3: Put the values of Q,and R, in normal form W+Qlu =R,

Step 4: Obtained equation is linear differential equation with constant coefficient and solve by
finding C.F and P.I

Step 5: Required solution is obtain by putting the value of Vanduiny=uV.

2
d 2/—4xﬂ+4x2y:eXz

X dx

Problem Solve

2
Solution: HereP=-4Xx,Q = 4X2, R= e* toreducein normal form we choose

L andx 2
v:esz)d— Rl—R—e =1
e*
1. 1dP , 1 1d(—4x)j
and Q =[Q-=p2-=°C X2 — = (—ax)? —= 2
”Ql(Q4 2d)( PR S

d’u
=~ Equation reduces to F+ 2u :1or(D2 + 2)u =1.
X

Here A.Eis m? +2=0=>m=+/2i ..C.F =¢, cos/2x +¢,sin</2x

1 1 1 . 1
And P. = R= 1== therefore u = C.F+P.I = C, COS~/2X +C, Sinv/2x+ =,
n (D) (D2 +2) , therefore u A ) 5

. 1)
And complete solutionisy=u Y, = [Cl cos \/§X+ C,sin «/Ex +Ejex . Ans.

dy . dy

Problem : Solve vt =L 4 (4x% —1)y = —3e* Sin 2x
X



d’y

Solution : We have —
dx

—4xg—y+(4x2—l)y:—3eXz Sin2X ......... (1)
X
here p=-4x, Q=4x>-1 R=-3¢" Sin2x

1 1
. . =1 pd —=|-4xd d
In order to remove Ist derivative, v=g 2" ¢ 2 "% g2 _¢*

On putting y = uv, the normal equation is

d?u
W-FQ:LU = R1 .................. (2)
1dp p?
where Q =Q-=—-—
Q=Q 2dx 4
1
R1:B:Reszd
Vv
1dp p? ) 1 16x? ) )
=Q-————-—=(4x"-1)—=(-4)- =4x°-1+2-4x"=1
QlQdex( )2()4
Rl:E:——Be sZ'nzx:—Bsian
v e*
Auxiliary Equationis m®> +1=0=m==i
Hence C.F. = C, COS X +C, Sin X
P.l.= 21 (—3sin2x) = =3 _sin 2x=sin 2x
D°+1 —4+1
So solution is V=C, COS X+ C, SiN X +Sin 2x
Hence complete solution of given differential equation is

x? : .
y =uv=e" (C, COS X +C, Sin X+Sin 2x).

d?y

Solution of the th P%+Qy = X by changing the independent variable:

Sometimes the equation is transformed into an integrable form by changing the independent

variable. Let the equation
d’y  ,dy
—+P—+Qy=x . 1
o P Qy (1)
Let the independent variable x be changed to z by taking z as the function of x.
. ﬂ_ﬂﬁandﬂ_i(ﬂj_i(ﬂﬁj_ﬂ(ﬁﬂﬂiz
Cdx dz dx dx? dx\ dx) dx\dzdx) dz?2\dx) dzdx?®’



Substituting these value in (1), we get
d?y(dz Y| d%z dy dz
— | — —+P X,
lez(olx”%lx2+ (d dxj+Qy

2 2 2
Or M(%j +[d—f+sz}dy+Qy X,

dz?  dx dx dx | dz
d’y o dy
Or F-FP +Q1y Xl’
d?z sz X
Where P=%2_d& o =% gngx, =

(&) (%) &y’

After obtaining equation (2) we like to choose z in such a way that (2) can be easily integrating.

Case1:P1=0

d
We choose z to make the coefficient of d—yin (2), equal to zero i.e.
z

dzz dz 2
az d
_ dx2 +P dx d 2Z dz Kzz
1= " @ =Oord > &:OOr@:—P
&J dx
dz dz  —[rd
Integrating, we get log— = —I Pdxor—=¢e Jpar
dx dx
. . —J'de . dzy
Integrating again, we getz = je dx, this value of x reduce (2) to F +Qy =X,
Z
Which can be easily solved provided Q; comes out to be a constant or a constant multiplied by
1
o
Case 2: Q; = a*
Q = Q = a2
We choose z such that <1 (dz jZ (constant),
dx

2
i.e. az.[%j Qora— \/_ integrating gives az—j\/_dx

the above value of z reduces (2) to
d?y
dz’

Which can be solved easily, if P, comes out to be a constant.

dy .2
+B—=+a‘y+X,,
L4z y+ 24,



d? . d
Problem: Solve COS xd—Z+sm xd—y —2ycos® x =2¢c0s’ X.
X X

Solution: writing given equation in standard form, we have

2
M+tan xﬁ—2y0033x:20034 X, (i)
2 dx

dx
Here P =tan x,Q =—2cos” X, X =2co0s” x

Changing independent variable from x to z, equation becomes,

d? d

dxzy + Pld_i_'_azy — le sess (“)
d?z _dz
——+P—= X

Where, P, = dx dx Q= Q =

HIE

Let us choose z such that Q, = dQ > =-2 (constant)
z
dxj
. dz )’ , dz . o .
i.e., —2.| — | =—2C0S° Or — =CO0S X, integrating gives z=sin x. N (111)]
dx dx
d’z p dz ,
a2 dx  —Sin X+ tan x(cos x X 2c0s" X
then B =OX___OX . (C05%) _ 0 and X, =—5 = =22 X _5c0s” x
[ dz (cosx) (%) (cos)
dx

Hence equation (ii) transferred to

d’y 2 d’y " dy 2
-2y =2c0s" X,0r ——2y =2(1-sin“ x),or 2y=2(1-12°),
dz? y dz? y=2( ) dz? y =2 )

or (D*-2)y =2(1-7%),

Now C.F = c:le’jEZ +(:2e*“/EZ

2\1 2

P.I :—21 2(1—22):i 1—D— (1-2%)=- 1+D— (1-2%)=17°%,
(D°-2) -2 2 2

Hence the solution of the given equation is

NG

y=ce'? +c,e V% 4+ 77
ory =ce® +c,e™?" 1 (sinx)” [Asz=sinx] Ans.



2
Problem: Solve (1+ X2 )2 %+ 2x(1+ x? )g—y+ 4y =0.
X X

Solution: writing equation in standard form, we have

2
dy+ 2X ﬂ+ 4

dX2 (1+ XZ) dx (1+X2)2 y=0 ...... (i)

Here P = 2x Q= 4 X =0.

(1+ Xz)’ (1+ x2)2 1

Changing independent variable from x to z, equation becomes

d? d
EZ+ Pld—Z+Qly: X (ii)
dzz dz
4%z La
Where, F’lz%ﬁ,le Q > and X, = X 5
(&) (dzj (dzj
dx dz
2
Let us choose z such that P, =0i.e d—§+ Pg =0.
dx dx
2
AT.Q d—§+Ld—Z:OPutting gztthen$+id—zz
dx (1+ xz) dx dx dx (1+ x2) dx

Separating the variable and integrating, we get

1
(1+ xz)
dz dz 1

Since — =tgives —= >y separating the variable and integrating, Z = tan~ x
dx dx  (1+x?)

logt+log(1+x*)=0o0r t=

4

leizz(“—xz)zz4and X, =% =0,
G =l (e

Hence the transformed equation is

d’y
—+4y=0.
dz? y

Its solution is Yy =C, C0S2Z +C, Sin 2z

or y =c,cos2(tan " x)+c,sin2(tan " x) [As z=tan" x| Ans.



Simultaneous Differential Equation:

If two or more dependent variables are functions of a single independent variable,

then the equations involving their derivatives are called simultaneous equations. For
ex. %+ 4y =t
dt

ﬂ+2x:et

dt

Method of solving these equations is based on the process of elimination as we solve
algebraic simultaneous equations.

Problem: solve o +2y=¢', d_ 2x=¢"
dy dt

Solution: The given equation in symbolic form can be written as
Dx+2y =¢' (1)
Dy-2x=¢" - (2)
Operate D on (2) and add to it 2 time of (1), we get

(D2 +4) y=2¢' —¢" - (3)

Here A.Eis D°+4=0ie D==+2i

Yer (t)=(c,cos2t+c,sin2t) ~(4)
1 1 gl e’
And t)= 2e' —e')=2 f— el =2——— (5
4 Yor (=5 (2 ") =2 ey 5 5 Gl
: 2¢' e
Hence y(t)=(c,cos2t+c,sin 2t)+?—? ..(6)

1 1 . 2, et
Now from (2), X—E[Dy—e ]_E{D(clcoszwczstt)Jr D(ge to-e

t —~t
-1 —2¢, Sin 2t + 2c, cos2t+2—e+e——e‘t
2 5 5

. et 2
:—clsm2t+c2c052t+€—ge - (7)

Problem: solve (D—l)X+ Dy = 2t+1,(2D +1)X+2Dy =t



Solution: For elimination of y, take difference of 2 time of 1% from 2™ i.e.,
((2D+1)x+2Dy)-2((D-1)x+Dy)=t—2(2t +1)

dx
dt

Or 3x=-3t—2o0r x(t) =—t—§implying =-1

. dx o .
Now using above values of X(t) and m in 15T Equation, we get

Dx—x+ Dy:2t+1or—1—(—t—§)+ Dy=2t+1

2
Implying Dy:t+% e y(t):%+gt+c

Where cis a constant of integration.
d d
Problem: solve —X—7X+ y= 0,—y— 2x—-5y=0
dt dt
Solution: The given equation in symbolic form are written as:
(D-7)x+y=0 - (1)
—2x+(D-5)y=0 - (2)
To eliminate y, operate (D —5) on (1) and add the two equations to get
(D-5)(D~7)x+2x=0or (D*~12D+37)x=0 -(3)
Sothat AEis (D ~12D+37)=00r D=6+

Xee () =€* (¢, cost+c, sint) - (4)

dx . .
implying - = e® (—c,cost+c,sint)+6e™ (c, cost+c,sint) .(5)

On substituting value of x(t) and Dx from (4) and (5) respectively in equation (1), we get
e® (—c, cost+c,sint)+6e™ (¢, cost +c, sint)—7e* (c, cost +c,sint)+y =0
or  y=e*[(c,—c,)cost+(c +c,)sint ]
=e®[Ccost+ Dsint]
Where, C=c,—c,and D=c¢, +c, ..(6)

Method of Variation of Para Meters: Method of variation of parameters is the

method of finding the general solution of any second order non homogeneous linear
differential equation both for variable and constant coefficients whose

complementary function is known.



Step for solution:
1. Find out the parts of C.F.

2 Letthe y, andy, be parts of complementary function.
3. Considery =y, u + y,Vv as the complete solution of equation given
4

A and B are determined by the formula

u=—jidx+c andv = I—Rdx+c2
Yi¥o = Y1 Yo Yi¥o =1 Y,
Where c; and ¢ are the arbitrary constants of integration.

4. Putthe valuesofuandviny=uy, + vy, toget the complete solution.

Problem: By method of variation of parameters solve the following Differential

equation y" +y = Sec X.
2

d’y

X2

Solution : we have +Y=S€CX sevvrrrrirrinnn Q)

AE.is (D2+1)=O:m=ii
So C.F. =c¢1 Cos x + ¢z Sin x
Here y1 = Cos X, y2 = Sin X
So let complete solution of (1) is

C.S. = ucosx+vsinx

Let complete solution be y=uy,+Vvy, =UcOSX+VSINX ..cccrurrnene. (2)
where
U= j —YR dx=—I SInx_ : ><secxdx=—J.tanxdx+cl=logcosx+cl
A A {c0s xxcos x—(—sin x)sin x}
&V = I dx = _[ cosS X - . ><secxdx=j dx+c,= x+c,
yly2 yl Y, {c0s xx cos x—(—sin x)sin x}

hence complete solution y = ucos x +Vvsin x=(log cos X +¢,) cos X + (X +C, ) sin X.

Problem : Solve the following differential equation by method of variation of

parameters dy 2
dx? 1+e”
Solution : we have (D*-1)y = 2 :
l+e

AE.is (D*-1)=0=m=x+1



SO C.F.=Ce*+C.e™”

Let P.l. =uy,+vy, =ue*+ve™ and W=yy,'-y,'y, =—€'e ™ —e"e™”

u= IL I x=f € ux
Yi¥o=%1 ¥, -2 1+¢” 1+e*
1 1 1
J‘ex(1+ex)dxz-|-[?_ex+1jdx

= e[ 5o

=—e*+log (e’X +1)

YR x
&Vv=|—"——dx=|— = =—log(1+e")
Iylyz ~-Y1'Y, 2 Tre I

P.I. =uy,+vy, = [—e‘x +log(e™ +1)] e*—e*log(l+e”)
=—1+e*log(e " +1)—e*log(e* +1)
So, y=C,e* +C,e " —1+elog(e ™ +1)—e " log(e* +1)

Solution of Second order differential equation by changing in dependent
variable:

Consider second order linear differential equation.

dzy oy
+ R
e d Qy=

Step for solution:

2
1. Make the coefficient of

>asl if it is not so.

2. Compare the equation with standard from Y + Py +Qy =R and get P,Q, and R

dz )’
3. Choose z such that & =Q

Here Q is taken in such a way that it remains the whole square of a function without surd
and its negative sign is ignored.

2

Z z
4. Find d_ hence obtain z (on integration) and F (on differentiation)
X X

5. Find P, Q, and R, by the formulae



dzz+sz
e el R
P:dX anle szz’Riz

EERENE
dx dx dx
2
d’y + Pl%+Qly = R, which we solve fory in term of z.
z

dz?
7. We write the complete solution as y in term of x by replacing the value of z in term of x.

6. Reduced equation is

Example: By changing the independent variable solve the differential equation

2
d—zl—id—y+4x2y:x4
dx° xdx
2
Solution: d g _ld_y+ 4’y =x* (1)
dx xdx
Here, F’=—1,Q=4X2,R=X4
X

dz ) )
Choose z such that d— =4x

X
= %:ZX (2)
z=x* (on integration)
2
from (2), % = (Differentiating (2) w.r.t
X)
d’z _dz 1
o P 2
e
dx
oo O _&_,
' (dzj2 4x?
dx
Ro_R__X _Xx

(dzjz Caxt 4
dx

Reduced equation is

d?y z 2
~Jiy== s z=x*from(3
dx’ Y 4 [ ( )]



Auxiliary equation is,
m’+1=0 = m=xi

C.F=c,cosz+c,sinz

Pl = D}ﬂ[ij = (1+ Dz)l(%)

= (1-D’ 4. )(E) = % (Leaving higher powers)

. z
.. solutionis Y=C,COSZ+C,SINZ +Z

Complete solution is given by

2
y=c, cos(x*) +¢, sin(x*) +XZ

Example: By changing the independent variable solve the differential equation
d’y dy
1+X)* —2 +(1+X) -2 + y = 4coslog (1+ X
( ) dXZ ( )dX y g( )
2
Solution: d Y. 1 dy y 4 ~coslog(1+x) (1)

dx*  (1+x) dx " (1+ x)2 - (1+x)

Choose z such that,

dz 1
dx 1+x
Integration yields, z = log(1+x) .. (3)
d?z 1
From (2), — =— 5
dx (1+x)
1 1 N 1
(1+x)° (1+x) (L+x)
Pl - =
1
(1+ x)2
Q=2



R, :L:4coslog(1+ X) =4c0sz from (3)

Reduced equation is

2

dy
dx?

+y=4cosz

Auxiliary equationis m* +1=0 =>m =i

C.F=c,cosz+c,sinz

P.l= (4cosz):4,%sinz:223inz

D*+1
Complete solution is

y =C,C0SZ+C,Sinz+2zsinz

y =¢, coslog(1l+x) +c, sinlog(1+ x) + 2log(1+ x)sin log(1+ X) .

Series solution of second order ODEs

Ordinary and singular points:
Consider the second order differential equation of the form,

y +P(X)y +Q(x)y=0

xP(X), x*Q(x)are Analytic x=0

= P(X),Q(x)are not Analytic x=0

= x =0isaregular singulanor point
Ordinary point: A point x=xois called an ordinary point of the equation Eq. (1) if both P(x), Q(x) are
analytic at x=xo
singular point: if the point x=xois not an ordinary point of the equation Eq (1), then it is called a
singular point. There are two types of singular points.

Regular singular point: A singular point x=xois called regular singular point of the equation Eq(1)
2

if both (X - Xo) P (X),(X - XO) Q(X) are analytic at x=xo

Irregular singular point: A singular point, which is not regular is called irregular singular point.

Example verify that origin is an ordinary point of regular singular point of the equations

1. Y+xy+y=0
2. 22Y +xy-(x+1)y=0

Example- verify that origin is an ordinary point or singular point of the equations.

1. Yy +xy+y=0



2. 2X°y +xy —(x+1)y=0
Solution:
1. Theequationis Y +Xy +y=0
Compare this with y +P(X)y +Q(x)y=0

Therefore P(X ) = %, (X) =— ();:(_21)

= Atx=0,P(X)and Q(x)aredefined.

= P(X),Q(x)are Analytic x=0
= x =0isordinary point

. ' X+1
2. Dividing the equation by 2X’ i.e., ¥ +L—u =

2x* 2%
Compare this with y"+P(X)y'+Q(X)y=O

Therefore P(X)z%, (x)=-

At x=0, P(x), Q(x) are not defined.

(x+1)
2x2

= P(X),Q(x)are not Analytic x=0
= x =0isnotanordinary point
= x =0isasingular point

(x+1)
2

xP(X), x*Q(x)are Analytic x=0

Now, xP(X):%, x°Q(x) = -

= x =0isaregular singulanor point

Example: verify that X =1is a regular point of the equation
(x2 —1) y +xy —y=0
Solution: Dividing the equation by (X2 —1) i.e.

Y 4y - L y
(=) (e

Compare this with Y + P(X)y' +Q(X) y=0

=0

Therefore p(X):ﬁ,Q(X):—(

X2 —1)



= Atx =1, p(x),Q(x) arenot defined.

= p(x),Q(x) arenotanalyticx =1
= x =1lisnotanordinary point
= x =1lisasingular point

Now

B x o x(x-1) _ «x
(x—l)P(X)—(X—l)(Xz_l)_(X_l)(x+1)_(X+1)

5 B 2 1 (X_1)2 __x-1
(x=1) Q(X)—(X—l) X—(Xz _1) - (X—l)(X+1) __(x+1)

=x=1,(x-1) P(x)&(x—l)2 Q(x) aredefined .
= X =lis a Regular singular point.

Series solution about an ordinary pointat X = X:
A point X = X, is an ordinary point of the differential equation
y +p(x)+y +Q(x)y=0
Ify, y', y"are regular (I. e. analytic and single-valued ) there. The general solution near

such an ordinary point can be represented by a Taylor series i. e.

y(x)=Ya,(x-%)’

n=0

Example: Find the series solution for y" +y=0at x=0 (1)
Solution : comparing the given equation with y + p(x) y +Q(X) y=0

Here p(x) = O,Q(X) =1

Thereforeat x=0, p(x) , Q(X) are analyticat Xx=0

= X =0is an ordinary point

let Yy =Y a X" =8, +a,X+a,X* +a,X° +......... (2)
n=0

Be a solution of (1)

o0

Ly =Yy nxt &y =in(n—1)anx”’2

n=1 n=0



Eq.(1) become, in(n—l)anx“’2 +ianx” =0
n=0

n=0

i n+2)(n+1)a,,,X" +Zax =0
n=0

n=0

o0

>{(n+2)(n+1)a,,x"+a,}x" =0

n=0

(n+2)(n+1)a,,,+a,=0

a,
=—— 10 0,1L2,...........
e T T 2) ()

SR SR B B
(0+2)(0+1) )1 2!
B PN Y SR 1Y) R Thek
29 g — 1 _ 1 B 1 11 _
T e R R L LY
(3+2)3+1) ~ ()4~ ()4 " (O)4) 3 s
andsoon ...

substitute the values in equation Eq. (2)

e y= Zax =8, +a X+ a,X" +a X + .,
n=0



=a,Cos X +a, Sin X

So y=4a,Cos X+ aisin Xis the required solution of equation (1).

Example: Find the series solution at the origin of differential equation
(x-1)y +2y =0 (1)
Solution: Rewrite the above equation as y" + —1 y' =0
X —_

Comparing the given equation with y +P( )y +Q(X)y=0
2
P(x)=——,Q(x)=0
Here (X) <1 Q(X)

Therefore at X =0, P(x),Q(x)are analyticat x=0.

= X =0 is an ordinary point.

Let y = a X" =803, X+3,X* +8;X’ +.........

n=0

Be a solution of Eq. (1). .. Y = inanx“ &y = in(n—l)a X

[

Eq.(1) becomes, (X—l) n(n +1) ax"? +2inanx”*1 =0

>
Il
N

= xin(n ~1)a x"? —in(n ~1)a x"? +2i na x"* =0
n=2

n=2 n=1

n(n-1)ax"* —in(n -1)a,x"? +i 2na x"" =0

n=2 n=1

M

=

>
N

0

=Y (n+1)na,,x" i n+2)(n+1)a,,,x +22 (n+1)a,,x"=0
n=1 n=0 n=0

:i(nﬂ )na, X" Z{ n+2)(n+1)a,,,-2(n+lja, Jx"=0

U
M

(n+1)na,,,x"—(0+2)(0+1)a, -2(0+1)a, }x° =0

n+1

(n+2)(n+1)a,

n=1

x"—(0+2)(0+1)a,—2(0+1)a, }x"=0

n+2 n+1.

0

=Y [(n+)na,, -{(n+2)(n+1)a,,-2(n+1)a,}|x" —{(QM)a, -2(1)a}x° =0

n=1



= i [(n+1)na,,—(n+2)(n+1)a,,+2(n+1)a,, |x" —{2a,—2a,}x°=0

n=1

0

=Y [{(n+1)n-2(n+1}a,,—(n+2)(n+1)a,, |x" —{2a,-2a3}x’ =0

n=1

0

=Y [(n+1)(n+2)a,,-(n+2)(n+1)a,,-(n+2)(n+1)a,, |x" —{2a,—2a}x°=0

n=1

Equating various power of x

ie, 2a,—2a =0,(n+1)(n+2)a,, —(n+2)(n+1)a,,, =0
= 2(a,-a,)=0,(n+1)(n+2)(a,,-a,.) =0
=a,-a=0a,-a,,=0
—a,=a,8,,=4a,, N1

Since, @, =a_,

n=1 a,=a,=a/("a,=3);

n=2 a,=a=2a("a=a);

n=3 a;=a,=a(-a,=2);

n=4; a;=a;=3 (. a=2a);

Substitute the values in equation Eq. (2)

i.e

y=> ax" =a;+ax+ax’+a;)x’ +......

n=0
2 3 4 5
=, +aX+aX +aXx +aX +ax +...

=ay+a, (X+ X+ XX X )
=gy +ax(1+x+x +x" +......)
X X
=a,+a ——,| v —— =1+ X+ X+ X
0 ai1—x( 1-x j

X
Ly=a,+ ail— is the required solution of equation Eq. (1).
—X

Example: Find the series solution for (1+ XZ) y +xy —y=0atx=0.(1)

" X . 1
Solution: Rewrite the above equationas Yy + ( y — y=0

1+ xz) (1+ x2)




Comparing the given equation with y" +P (X) y' +Q(X) y=

Here P(X)= X ),Q(X):—( L

(1—x2 1—x2)
Therefore at X =0, P(x),Q(x) are analyticat x=0.

=> X =0is an ordinary point.
Let Y=Y a X" =ay+aX+a,X +aX +.oeee. 2)
n=0

Be a solution of (1)
Sy =Y nax"t&y => n(n-1)ax"’
n=1 n=2

Eq.(1) becomes, (1- xz)i n(n-1)a,x"?+ xzw: na, X" - ianxn =0
n=1 n=0

n=2

M

=

n(n-1)a,x"”+ xzin(n ~1)a x"*+ xi na, x"* —ianx“ =0
n=2 n=1 n=0

Il
N

n

U
M

n(n-1)a,x"* Jrin(n—l)anxn +inanxn —ianx” =0
n=2 n=1 n=0

>
Il
N

M

=) (n+2)(n+1)a, X" +in(n ~1)a,x" +Zw:nanx” —ianx“ =0
n=2 n=1 n=0

1l
o

n

= (n+2)(n-1)a,,,x° +(1+2)(1+1)a,,,X' +Z n+2)(n-1)a

n=2

n+2

+in n-1)a,x" +Dax" +Znax —(aox +a,x +Zaxj
n=2

= 2a,x° +(3)(2)a3x+i(n +2)(n+1)a,,,x" +in(n—1)a X

+a,x+ Y na x"—ax’—ax-> ax"=0
n=2 n=2

= 2a,X° +6a3x+i(n+2)(n +1)a,,, X" jtin(n—l)anxn +a1x+inanx” —a,x’ —aix—ianx" =0

n=2 n=2 n=2 n=2

= (2a, +a0)x°+(6a3+a1—ai)x+i{(n+2)(n+l)an+2+[n(n—1)+n—1]an}xn =0

0

= (2a,-a,)x"+(6a,)x+ Y {(n+2)(n+1)a,, +[n(n-1)+n-1]a}x" =0

n=2



o0

= (2a,-a,)x"+(63,) x+ Y {(n+2)(n+1)a,,+[n*—n+n-1]a " =0

n=2

0

= (2a,-a,)x"+(6a;)x+ Y {(n+2)(n+1)a,,, +[n*~1]a }x" =0

n=2

Equating various power of x

ie. 28, -3, =0,6a,=0,(n+2)(n+1)a,, +[n’~1]a, =0

= 2a,=a,,3,=0,(n+2)(n+1)a,,-[n*-1]a,

2
a, [n —1]an 155

-2 a-0a_ - ,
T AT BT e T Y (n )

Now,

B L i [ G R CN  PP

M=) (neD)  (ne2)(nel) | (n<2)

This is the recurrence relation.

n=2:a, =

3-1 2
n—3:a5——((3+26)13——gaa—o(n-aszo),
n=4:a :_(4—1)a4: 3 :_lx_%:i(-a:_ij
° (4+2) 6 ' 2 8 16\ ‘ 8

Substitute the values in equation Eq. (2)

e Y=Y aX'=ay+aX+a,X +aX +..

n=0

_ l 2 3 _@ 4 5 i 6
_a0+a1x+(2a0jx +(0)x +( 8JX +(0)x +(16jx F v,

4 6
:ao[l+lx2—x—+x—+ ...... J+a1(x)

2 8 16
1, x* x° . . .
LYY=y I+ =X ——+—+... +a1(x) is the required solution of Eq. (1)
2 8 16
EXERCISE

1. Find the power series solution of the equation y" + y' +y=0

2. Find the general solution of (1+ XZ) y" + 2xy' —2Y =0in term of power series in x.



2 4 3 5

X X X x
lLy=afl-—+——.. ra{X——+——...
o ymal g Al )
ns: 4
2.y:a0{1+x2—%— ....... }+ax

Series solution about regular singular point at X =X, :

A point X = X, is a regular point of the differential equation
y +P(x)y +Q(x)y=0
If v, y', y" are not all regular there, but (X—XO )y',(X—X0 )2 Yy are all regular at X, .This

essentially implies that y(x) must have a fixed order divergence (or pole) at X, .The general

solution near such a regular singular point can be represented by a Frobenius series

y(x)=x"Y.a, (x~% )

n=0

With @, # 0and note that m is not necessarily an integer.

Example: Find the series solution of 4xy” + 2y + Y = 0by Frobenius method

Solution: Consider the ode 4Xy +2y +y =0 (1)

.1
Now, we can rewrite the above Eq. (1)as Y +—Y +—Yy =0
2X 4x

Comparing this with y" + P(X) y +Q(X) y =0,

Here p(X):%, Q(X):—.

Therefore, at x = 0 is not an ordinary pointi.e., it is singular point.

Now, Y +XP(x) Z%, x*Q(x) = % = XP(x),X*Q(X) are analytic at x=0

= X =0is a regular singular point.

We use Frobenius method for the solution of equation Eq. (1)

let y=x">» ax"=> ax™" (2)
n=0 n=0



Be a solution of Eq. (1).

i m+n X 1&2 m+n m+n 1) m+n72
n=0

n=0
Eq. (1) becomes,

4Xi(m+n)(m+n_1)anxm+“*2+Zi(m+n)anxm+n—l+ianxm+n -0
n=0

n=0 =0

= i4(m+ n)(m+n-1)a,x™"* +iZ(m+n)anx”‘”"1 +ianxm*” =0

n=0 n=0 s

0

= > {4(m+n)(m+n-1)+2(m+n)ka x"" ianxm”’ 0

n=0 o

= iz(m+n){2(m+n ~1)+La,x™m ianxmn 0

n=0 pr

0

= 22(m+ n){2m+2n—2+1}anxm*”*1 +ianxm+n -0

n=0 —

0

= 22(m+ n)(2m+2n_2+1)anxm+n—l +ianxm+n ~0

n=0 ~

0

=Y 2(m+n)(2m+2n-1)a x™"* +Zi;anxmm 0

n=0

222(m+n+1)(2m+2(n+1) ~1)a m*”*l’l+ianxm+”:o

n+1

= > 2(m+n+1)(2m+2n+2-1)a

>
Il
|
=
>
Il
o

= i 2(m+n+1)(2m+2n +1)an+lxm+” +i0anxm+n -0

n=-1



0 0

= 2(m-n+1)(2m+2(-1) +Da X"+ > 2(m+n+1)(2m+2n+1)a, x""+> a x™" =0

n=-1 n=0

o0

= 2(m)(2m-2+1)ax""+ > {2(m+n+1)(2m+2n+1)a,, +a """ =0
n=-1
= 2(m)(2m-1)a,x"" + i{2(m+ n+1)(2m+2n+2a,, +a, ™" =0

n=-1
Equating to zero the coefficient of lowest power and highest power i.e.
X" :2(m)(2m-1)a, =0 (3)
Which called an Indicial equation &

X" 2(m+n+)(2m+2n+1a,,,+a, =0 (4)
Which is called Recurrence relation.

Solving eq. (3) i.e.

2(m)(2m-1)a, =0=>m(2m-1)=0(" a, #0)
=>m=0m =1.
2

Solving Eq. (4) i.e.
2(m+n+1){2m+2n+La,,, —{2m+2n+Ta, =0

1
2(m+n+1)(2m+2n+1)

=a,,=" a,,n 20

When m=0, then the equation Eq. (5) reduces to

=— >
= G 2(n+1)(2n+1) il

Putting the values of n=0,1,2,..............



a 1 1 11
YT ) R ) Y R P T M TR TR

Ne2:a —— 1 L - i, __ L

B 2(2+1)(2><2+1)a2_ 2(3)(5) © (8)(5) TR i
And so on.

Substitute these values in Eq. (2)

0

One solution of the given equation is

o, 1 1. 15 . 3
u=1 TR 6!X +......(taking a, =1) (6)

1
When m = E,then the equation Eq. (5) reduces to

- _(l+ 2n+2)(1+2n+1) &

~ 1
~ (i3 (2nr2)




: a B _ &
—0:a = 0 _ % %
" % 1+2(0)+2 1+2 3
y =au+bv
n=la-—a __ & :ﬁzlﬁ:i(._ :ij
* 1+2(1)+2 1+2+2 5 53 15 3
n:2:a3= a2 = az :i:lxi:i(-.-a ZEJ
142(2)+2 1+4+2 7 7 15 105 * 15
c
1
v:x2{1+(1jx+(ijx2+(i]x3+...1(takingao:1)
3 15 105
n=lia,=—— L - - 1 1, 1
T2 )T B@) T B)@) n T m
n=2:a,= L 1 L 1 1|a0andsoon.

T(2x2+3)(2x2+2) 2T @)E) T (Me) BT T

Substitute these values in Eq. (2)

y=x">a X" =x"(a+ax+ax’ +ax’ +........
n=0

= faeLa e Fa -2 e
(o3

Another solution of the given equation is

: 1 1), (1), , B
v=x2{1—(aJx+(ajx +(ﬂjx+ ...... } (taking a, =1)

Therefore, the complete solution of the differential equation is

y =au+bv, where u and v are given in equation Eq. (6) and (7) respectively.



Example: solve the differential equation

4xy"+2(1-x)y'—y =0 by Frobenius method of power series solution.

Solution: consider the differential equation 4xy"+2(1-x)y'-=y=0 (1)

Now, we can rewrite the above Eq. (1) as

(=) 1

U Y
(1-x) 1

P(X)——ZX ,Q(x) = ™

Comparing this with y"+ P(X) y'+Q(X) y=0

Here P(X) :%,Q(X) = —%.

Therefore at x=0, Q(x) is not analyticat Xx=0.

= X =0 is not ordinary point i.e. it is singular point.

Now, XP(x) = (1_2)() ,X°Q(X) = —% = XP(X), X’Q(X) are analyticat x =0

= X =0is a regular singular point.

We use Frobenius method for the solution of equation Eq. (1)

let y=x"> ax"=>ax"" (2)
n=0 n=0

Ly'= i(m+ n)a,x™"* &Zw:(m+ n)(m+n-1)a,x™"?

n=0 n=0
m=0&m=1
2

Solving Eq.(4) i.e.



2(m+n+1){2m+2n+La,,, —{2m+2n+Ta, =0
=(2m+2n+1)[2{m+n+Ta,,, —a,]=0

=2{m+n+La,  —a,=0

n

:>an+1=L’nZO
A{m+n+1}

When m = 0, then the equation Eq. (5) reduces to

a

n

=a,,=—"——,n20
2{0+n+1}

a
L n>0

=a.,= :
" 2(n+1)

And so on.

Substitute these values in Eq. (2)

y:xmianx”=x”‘(a0+a1x+a2x2+a3x3+ ........ )
n=0

(5)



y=afue(er( ) Lo

One solution of the given equation is

1
When m = E,then the equation Eq. (5) reduces to

an an an
ha=T = Tirone2) 1rani2 "0
2{+n+1} 2{} Fenst
2 2
Putting the values of n=0,1, 2,...
n=0:a = % . |
&4 1+2(0)+2 1+2 3

+2(1)+2 1+2+42 5 53 15 3

n=2:a,= 2 __ % aZ_lxﬁzi(..a_ao
1+2(2)+2 1+4+2 7 7 15 105

% . Z_E
And so on.

Substitute these values in Eq. (2)

y=x">a X" =x"(a+ax+ax’ +ax’ +........
n=0

(S ()
y:ao[xz{H@H@xz{&yu ...... i

Another solution of the given equation is

(6)



v=x% 1+(1jx+(ijx2+(i}x3+.... (taking a, =1) (7)
3 15 105

Therefore, the complete solution of the differential Eq. (6) and (7)

y =au+bv, where u and v are given in equations Eq. (6) and (7) respectively.

Example: Find the series solution of 2x*y —xy +(x—5)y =0

EXERCISE

Find the power series solution of the following differential equation by Frobenius method

1L 2xy"™+(3—x)y—y=0
2. 2x°y"+xy'—(x+1)y=0




