Chapter
2

Finite Differences

Consider the function y = f(x), where x is known as argument
and y is called entry. Here, the values of the argument are at
equal intervals

a, ath, a+2h, a+3h........c............ a-+nh,
and the corresponding values of y are

f(a), f(at+h), f(at+2h), f(a+3h) .....cceeeeneneene f(a+ nh)
then the following difference are called finite differences

flat h) - fla)

fla+2h) -fla+h)

fla+3h) - fla+2h)

fla+ nh) - fla+(n-1) h)

Forward Difference:

If the above differences are denoted by the forward
difference operator A then these differences are known as
forward differences

Af(a)= f(a+h)= f(a)

Af(a+h)= f(a+2h)— f(a+h)

Af(a+2h) = f(a+3h)— f(a+2h)

Af(a+n—1h)= f(a+nh)— f(a+n—1h)
In general Af(x)= f(x+h)— f(x)

where A is an operator and is called a forward difference
operator and h is known as the interval of differences.
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First forward difference Af(a)= f(a+h)—f(a) ... (1)

Second forward difference A’ f(a) = A[Af(@)] wooveveeeeeeeeeeeen (2)
=Alf(a+h)- f(a)]
=Af(a+h)-Af(a)
=[f(a+2h)= f(a+m)]-[f(a+h)- f(a)]
— F(a+2h)=2f(a+m)+ £(@) . )

Third Forward difference:
A F(@) = A[A* F(@)] oo, 3)

Putting the value of A’ f(a) from (2) in (3), we get
A f(a)=Alf(a+2h)=2f(a+h)+ f(a)]

= Af(a+2h)—2Af (a+h) + Af (a)
=[f(a+3h)— f(a+2h)]-2[f(a+2h)— f(a+h)]+ f(a+h)— f(a)
= f(a+3h)=3f(a+2h)+3f(a+h) - f(a)

Similarly A" f(a) = A"'Af(a)= A""[ f(a+h)- f(a)]
A f(a)y=A""f(a+h)—-A"" f(a)

Remark:
1) Af(a) mean f(a) is to be subtracted from next entry.

2) The difference f (a +h) - f(a) is denoted by placing A
before the second entry.

3) A’is not the square of the operator A but A* means A
operated by A
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Table for forward difference:

Argu | Entry First forward | 2nd forward | 3rd 4th
ment | f(x) difference Difference forward forward
x A (x) A’ f(x) difference | difference
A f(x) A'f (%)

a | fla)

fla+h)-f(a)

= Nf(a) | M (a+h)-Af(a)

ath \flath) | ra+2m)

—f(a+h) = A f(a) N f(a+h)
a+2h | fla+2h) = Af(a+h) ~A’f(a)

Fla+3h) TS
a+3h | fla+3h) at

—f(a+2h) & (a+2h) Nf(a+2n) | AV (@

= Af(a+2h) | Y (a2+ h) N fash | =A@

a+4h | fla+4h) = Aflath) | _

f(a+4h) 3

 Hae3h) Af (a+3h) A Jla+h)

= Af(a+3h) | M (a+2h)
= A’ f(a+2h)

Problem: Construct a forward difference table and find A* (1)

(D) =112 =3/06)=8f(H4)=15/(5)=25

Solution:

X f(x) Nx) | Af(x) | Af(x) | A f(x)

1 1

2 3 2

3 8 5 3

4 15 7 2 -1

5 25 10 3 1 2
From the table we havea*r(1)=2.
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Backward difference operator:
If the difference f{x) - f(x-h) is denoted by the backward

difference operator V then the difference Vf(x)=f(x)—f(x—h)
is called backward difference.

The operator V is called as backward difference operator.
It is to be noted that it is only the notation which changes and
not the difference y, - y, = Ay, =Vy,

2nd Backward Difference:

V() =V[f()]=V[f(x)= f(x=h)]
=Vf(x)=-Vf(x-h)
=[f()—f(x=m)]-[f(x=h)— f(x—-2h)]
=f(x)=2f(x=h)+ f(x—2h)

3rd Backward Difference:
Vf(x)=V3Vf(x)]= V[ f(x)- f(x=h)]

=V f(x)=V f(x—h)
=f(X)=2f(x=h)]+ f(x=2h)—[f(x=h)=2f(x=h)+ f(x—3h)]
=f(x)=3f(x=h)+3f(x—2h)— f(x—3h)
In general,
V@)=V V=V /() ~f ()]
=V f(x)=V" f(x=h)

Remark: The backward difference f(a) - f(a-h) is denoted by
placing backward difference operator V before the Ist entry.
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Table for backward difference.

Argu | Entry First forward |2nd  forward | 3rd forward | 4th forward
ment | f(x) difference Difference difference difference
X V() v /f(x) V' f(x) vV f(x)
a |fla)

Sfla+h)— f(a)

= Vf(a+2h)-Vf(a+

a+th | fla+h) Vf(a+h)

Sf(a+2h) =V’ f(a+2h) V2 f(a+3h)
ar2h |\ 2B | pany WV f(a+ 20

V/a+ 20 SV G v

a+ a+

a+t3h | fla+3h) Vf(a+3h) V2 flat4h) ~V’ f(a+3h)

S(a+3h) —Vf(a+2h) V2 ) —

—f(a+2h) = V’f(a+3h) _: v{;éerJr 4)h) V* £ (a+4h)
atdh | flatdn | - V@i ’

Vf(a+4h)
Sf(a+4h) ~Vf(a+3h)
—f(a+3h) = V2 f(a+4h)
= Vf(a+4h)

Problem: Construct a backward difference table for

J)=4,1(2)=81()=2.1(4) =18 f(5) = 36 findv'/(5).

Solution:
X f(x) Vi (x) Vif(x) | V(%) V*i(x)
1 4
2 8 4
3 12 4 0
4 18 6 2 -2
5 36 18 12 10 12

From the table, we have v° r(5)=12.
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Shifting operator E:
Ef(x)=f(x+h) v (1)
The operator E is called the shifting operator E.
Af (x)=f(x+h)— f(x) = Af (x) = Ef (x)— f(x) By (1)
= () =0 (x)+f()= f(x)=(0+1)f(x)
= E=A+1 or A=E-Il
Again, E*f(x)= EEf(x)=Ef(x+h) = f(x+2h)
E’f(x)=EE* f(x)=Ef(x+2h) = f(x+3h)
E*f(x)=EE’ f(x)=Ef(x+3h)= f(x+4h)

E"f(x) = f(x+nh)
Similarly, we define £ f{x) =A f(x-h)
In general E™ f(x) = f{x-nh)

Properties of A and E.
(1) Aand E are commutative with regard to constant

(1) Alaf (x)]=adf (x)
(2) Elaf (x)]=akf (x)
Proof: (1) Alaf (x)]=af (x+h)—af (x)
=dlf(x+h)—f(0)]=adf(x)

(2) Elaf (x)]= af (x+ h) = aEf (x)

(2) Commutative property of A and E.
EAf(x) = AEf (x)
Proof: EAf(x)=E[f(x+h)— f(x)]=Ef (x+h)— Ef(x)
= f(x+2h)— f X+ Q)
AEf(x)=A (x+h) = f(x+2h)— f(X+D).cocunnn.. (2)

From (1) (2) EAf(x) = AEf(x).
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(3) Associative property.
A and E are associative
(AE)Af (x) = A(EA) f(x)
(4) Distributive property: A and E are distributive
(1) ALS(x) + $(0)] = Af (x) + Ad(x)
(2) BLf(x)+@(x)] = Ef (x)+ E¢(x)
Proof:
ALf(X)+ ()] =[f(x+h)+ p(x+h)]=[/(x)+ (x)]
=[f(x+h) = f(O)]+[¢(x+h) - P(x)]
=4 (x) + Ad(x)

E[f(xX)+d()]=f(x+h)+d(x+h)]=E f(x)+ EP(x)
(5) Law of indices

(1) A"A" f(x) = A" f(x)

(2) E"E"f(x)=E"" f(x)
(6) Let k£ be any constant then

(1) Ak=0

(2) Ek=k
Proof: Let k = f(x), k = f(x+ h)

(1) =& ()= f(x+h)~ f(x)=k—k =0

(2) E()=Ef (x)=f(x+h) =k

Central Difference operator: Central difference operator is
defined as

5f<x>=f(x+§j—f(x—§j

Sf(x)=E>f(x)=Ef(x) [“E"f(x)=[(x+nh)]

Sf(x)= (E —EZme

L

§=E2-E?



26

Central Difference Table:
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Argument | Entry | First 2nd 3rd 4th

X y central central central central
difference | Difference | difference | difference
oy Sy 5y oty

a y()

a+h Vi OV 5’ Wi

a+2h V2 0y, 5y, 5y 5y,

a+t3h V3 5),5/2 52)}3 53);5/2

atdh Y4 OV

Problem: Evaluates*f(2) given f(0) =8, f (1) = 12, f (2) =
20,1(3) =34, f(4) = 60.

Solution:

Argument | Entry | First 2nd 3rd 4th
difference | Difference | difference | difference

0 8

1 12 Oy, =4 52)’1 =4 53)’3/2 =2

2 20 0yy, =8 5y, =6 5ys, =6 5y, =4

j 2;')( 5)’5/2 =14 52)/3 =12
8yy, =26

Thus: §*72) =4.

Averaging operator: The averaging operator is defined as

AR
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Relation between different operators:
Relation between averaging operator and central difference
operatoro :

oo =1+

52
4

1

Proof: uf(x)=— [Ezf( )+E;f(x)}=%{E;+E2}f(x)

11 L 1
=—| E*+E?
1 1

Now 1 f(x)= 1{E2+E 2} 7(x)

%HE; ¢ 4}(@3[(5%4}“@

2
:>/JZ =1+T

Relation between E, 6 andu
h

We know that &£ (x)= f(x+§j— f[x—EJ =E2f(x)—E 2f(x)

And () =1{f (w5 )er ("lﬂ

pf(x)= {Ezf(X)JrE 2/’(x)j

1 1

2U=E*+E % ... )

1
Adding (1) & (2) §+2u=2E>

Or E2=,u+§
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Relation between V and E!

(1) v=1-£"
(2) EV=VE=A

Solution: (1) Vf(a)=f(a)—f(a—h) e ()
& E7'f(a)=f(a—h) e, (I1)

Putting the value of /' (a-h) from (II) in (I), we get
Af(a)= f(a)=E ' f(a)=(1-E") f(a)
—>V=1-E"
=S E'=1-V
(2) Vf(a)=E[f(a)- f(a—h)]=Ef (a)-ES(a—h)

=Ef(a)— f(a) =(E-1) f(a)=Af (a)

SO EV=A..coeevveieeeieenn Q)
VEf(a)=Vf(a+h)= f(a+h)-f(a)=Af(a)
SO VE=A.coeeevvveeeeee (2)

so from (1) and (2) EV=VE=A

Relation between A and &§.

2 2
A:5—i51/1+5—
2 4

h

Solution: 5f(x):f(x+§j—f(x_5j

1 1
=0f(x)=E>f(x)-E 2 f(x)
L
S=E>-E?
Squaring we get 6° =E+E ' -2
ES*=E*+1-2E =(E-1)
(1+A)5° =A°

A =5°A-68°=0
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5P+ +46°

2

2 2
:>A:5—J_r§1f1+5—
2 4

Relation between A and &.
2 2
A=5—i5 1+5—
2 4
where 6 and A are the central difference and forward
difference operator.

Proof: 5f(x)=f(x+gj—f(x—gj

A

= 8f(x)=E>f(x)—E 2 f(x)

1 1
S=E>-E?
Squaring, we get 5’ =E+E ' -2
ES*=E*+1-2E
=(E-1)
(1+A)5° =A°
AN =8°A-67=0
A O +5% +467

2

2 2
:>A:5—i5,{1+5—
2 4

Relation between AV, and 6 : uo :%(AJFV)

So

Solution: we know that

o3l (32
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1l X 1
= E[Ezf(X) —E 2f(X)}

1l L 1
=—|E*+E?
L
But 6=E>-FE 2
On multiplying ¢ ands , we get

L |
wod i e
—lEE‘l
i

1 1
=—[I+A+V-I]=—[A+V
Sl 1=71A+V]

Relation between D and A.
D:l[A—lA2+lA3+ .......... }
h 2 3

Solution: Ef(x)= f(x+h)

= f(X)+hf'(x)+%f"(x)+ ............. }

= f(x)+th(x)+Z—2'D2f(x)+ ............. }

212
= 1+hD+h =

Ef(x)=¢€""f(x) {e":1+x+;—2!+)3c—z+ ............ }

hD
E=¢
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log E =loge™
log(1+A)=hD loge*
log(1+A) =hD

D :%log(l—i-A)

2 3
D:%{A—A—+A—+ .............. }

x2 x3
log(l+x)=x——+—+.cuuu.......
{ gl+x)=x >3 }

Relation between A,V,u ,6 and D.
hD =log(1+A) =—log(1-V) =sin h™'(ud)
where D represents the differential operator.
Solution: Ef(x)= f(x+h)

= f(x)+hf'(x) +%f"(x) oo

:{1+hD+h2D2+ ............. }f(x)
2!
Ef(x)=¢e" f(x)

=E=¢"
= log E =hD = hD =log(1+A)

= hD =—log E"' = hD =—log(1-V)

1 1 ! 1
We know that yzﬂEuE 2} & 5[E2—E 2}

1 1 1 1
:m:%{ﬁv +E 2}{5‘2 ~E 2}:%(15—15‘)

= %(ehD - e’hD) = SinhhD

hD = Sinh™ (o)
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Exercise
1. Evaluate A*(3¢).

2. Prove that

. AfF(x)
i. Alogf(x)=1log[1l +m]

i. (EY24+EY2) (14 A)2=24 A whereterms have their
usual meanings.

3. Prove that

—4_7
a. A+ "E"—F 3

2 2
b. A:5—i51/1+5—
2 4

c. ,U(S:%(A+V)

52
+ —

d u’=1 7

4. Form the table for backward difference of the function
given below, and evaluate V*7(5) for f(x)=x’-3x"-5x-7
where x =0, 1, 2,3,4,5.



