Lecture -4
(Numerical Differentiation)

Teacher’s Name
Department Name
University Name

Teacher’s Mob No.
Teacher’s Email id
Declaration :

Dr. Sushil Shukla
Mathematics

VBS Purvanchal
University Jaunpur

6387987133
sushilcws@gmail.com

The study material
provided in this
lecture is original.



Chapter
4

Numerical Differentiation

So far, we were finding the polynomial curve y = f(x) passing
through the ordered pairs (Xg, Yo0), (X1, Y1)eeeeeervvenns (Xn, Yn)-Now
we find the derivative value of such polynomials.
To get the derivatives we first find out y = f(x) through the
points and then differentiate.

If the arguments are equally spaced, we apply Newton's
difference formula.

If the derivative is required at the point nearer to the
beginning value, we use Newton's forward difference formula.
If we require the derivatives at the end of the table we use
Newton's backward interpolation formula. If the value of the
derivative is required near the middle of the table, we use
stirling interpolation formula.

In case of unequal intervals, we use Newtons divided difference
formula or Lagranges Interpolation formula.

Newton's forward difference formula to get the derivative:
By Newton's forward difference interpolation formula

f(x)= f(a+ ph) = f(a)+ pAf(a)+H—"—= p(P 1)

A’ f(a)
W ;)'(P 2 A2 fay+ 22 1)(3'2)@ 3 A £ (@) o 1)
X—a
where p = i
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Differentiating (1) with respect to p, we get
2p-1
J'(x)= f(a+ ph)(h) = Af (a) + p A’ f(a)

3 6p+2 —-18p°+22p—6
+P3p A f(a)+ IZ“ P~

= f'(x) =%{Af(a)+2pT_A2f(a)+M

Ifx=a,thenx=a+ph=p=0

Putting p =0 in (2), we get
f'(x)=— {Af(a)——f(a)Jr N f(a )——A f@a)+........ }

Again differentiating with respect to p, we get

1 A’ f(a)+(p-DA’ f(a)
(a+ ph)xh=—
Jlaxphyxh=31 12p’ i?erzzA (@) o
Or
A f@)+ (p- DA f(@)+ LI A f (@)
f'x)=f"(a+ ph)= .(3)
W 2p3 12p* +21p-10
= A F(@)+ .
Problem: Given that
X 1.0 1.1 1.2 1.3
y 0.841 0.891 0.932 0.963
Find Y at x=1.0
dx
Solution: Newton's forward difference table
X f(x) N(x) | A’ f(x) A f(x)
1.0 0.841
1.1 0.891 0.050
1.2 0.932 0.041 |-0.009 -0.001
1.3 0.963 0.031 |-0.010
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x=lLa=1,h=0.Lx=a+ph=1=1+px0.1= p=0
By Newton's forward difference interpolation formula.

) p(p—D(-2)

3!

A f (a)}

f(x)= f(a+ ph) = f(a)+pAf(a)+p(p A’ f(a)+

f'(“l’h)=Z{Af(a)+2pT_A2f(a)+M

Putting value of p = 0

f'x)=— {Af( )——A fla)+= Af(a)}
f(l)— [Af(l)——A S+ —A f(l)}

= 10[0.05—0.5(—0.009)+§(—0.001)} [h=0.1]

=10 [0.05 +0.0045 - 0.0003]
= 10[0.0545 - 0.0003] =10x(0.0542)

D 0542 atx-1.

dx

Problem: From the following table, obtain the value of ‘; f at
X

the point x = 0.96,

X 0.96 0.98 1.00 1.02 1.04

y 0.7825 0.7739 0.7651 0.7563 0.7473

Solution: Newton's Forward difference table.

X y Ay A%y A’y Ay

0.96 0.7825

0.98 0.7739 | -0.0086 |-0.0002

1.00 0.7651 | -0.00088 | - 0.0000 |0.0002 |-0.0004

1.02 0.7563 |-0.0088 |-0.0002 |-0.0002

1.04 0.7473 | -0.0090
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a=0.96,h=0.02, a+ph=0.96
0.96 +p x 0.02=0.96 = p =0

F'(a+ ph)= %{Azf(a) F(p- 1)A3f(a)+i(12p2 “36p+ 22)A4f(a)}

1
T 0.02)?
= 2500[-0.0002 — 0.0002 — 0.00037]
= 2500%0.00077 = —1.925

d’y

Hence e —1.925 at the point x = 0.96.
X

[—o.oooz +(0-1)(0.0002) + %(o —0+ 22)(—0.0004)}

Problem: Find the 1st and 2nd derivative of the function given

below at the point x=1.2

X 1 2 3 4 5

y 0 1 5 6 8
Solution: Newton's forward difference table

X f(x) A (x) | A f(x) | Af(x) | A'f(x)

1 0 1

2 1 4 3 -6

3 5 1 -3 4 10

4 6 2 1

5 8

X 1.2, a=1, h=1, xp:a+ph:>l.2:l+p:>p:0.2
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By Newton's forward difference interpolation formula.

3p*-6p+2

Af(a>+%ﬁf(a>+3p PN (@)
re@=rapn=yl 2
JAP 18P’ 4226 4y
24
1 2x02-1 1 3027 -602)+2
fa=1 2 6
1,402 ~180.2)° +220.9)=6
24

:{1_0.6;3_(0_12_1_2+2)+(0_032—0.72+4.4—6)%}

= [1—0.9 -0.92 —0.9533] =-1.7733
Hence Ist derivative of the function f(x) 1s -1.7733 at x=1.2
Second derivative at x = 1.2

£ = h—l{Azf(a) +(p-DA f(a)+ 22

2_18p+11)
12

2_

6x(0.2) 1128(0.2) +1D o}

A'f (a)}

= 112{.% (0.2-1)(=6) +

024-3.6+11)

12
=34+4.84+6.3667=14.1667

=3+4.8+

Hence the second derivative of the function f(x) is 14.667 at x =
1.2
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Newton's Backward Differentiation.
Newton's backward differentiation formula is

f(x) = f(x, + ph) = f(x)+pr(x)+p(p DV e )b

Differentiating with respect to p, we get

2 1 3p’+6 2,
W e+ ph) = VS (x) + TV () TP SV ()
4p +18p*+22p+6
= V(X ) e,
S NGt )+ 2SR

O )= £, + ph) =

h
L2 +9p12+llp+3v FX) + s

Again differentiating with respect to p, we get
Vif(x)+ @+ DV f(x,)
S+ ph) =27 L 6P +18p+2
12

Problem: Given that

X 1.0 1.1 1.2 1.3 1.4 1.5 1.6

y 7.989 18.403 [8.481 ][9.129 [9.451 |9.750 [10.031

Find 2 and 42 at (1)x = 1.1 and (2) 1.6
dx dx

Solution: The difference table is as under.

X y Vy Vy Vy V'y Vy Vy

1.0 ]7.989

1.1 |8.403 |0.414 |-0.036|0.006

1.2 |8.781 |0.378 |-0.030|0.004 |-0.002

1.3 19.129 |0.348 |-0.026 | 0.003 |-0.001 |0.001 |0.002

14 19451 10322 |-0.023|0.005 |0.002 |0.003

1.5 19.750 |0.299 |-0.018

1.6 |10.031 |0.281
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a=1.1,x=1.1,h=0.Ix=a+ph = 1.1=1.1+ px0.1=>p=0

dy 1 1 5 1 ) 3
= =—| Ay +—2p-DAy+—@Bp* —6p+2)A’y +
i h[y R PR Gp =0t Ay

3 2 _
+4p 18p" +22p 6A5y+ ..........

41

5 4 3 2

60" =75p" +340p 6'6751? 487120 oy )

On Putting the values of p =0 in (1), we get,
dy 1 1., 1.5 1., 1. 1. }
e Ay =AY+ = Ay —— Aty = ATy —— Ay
{y2y3y4y5y6y

Asy

dx h
So,
(@j :l[0.378—1(—0.03)+1(0.004)—1(—0.001)+1(0.003)+ ....... }
dx ), 0.1 2 3 4 5
:ﬁ[0.378+0.015+0.0013+0.0003+0.0006]
:i[0.3952]=3.952
0.1
I 6p>—18p+11 2p°—12p* +21p-10
Ay+(p-DAy+ Aty +
£y 1 y+(p-DAy 5 y 5
dZ_hZ 4_ 3 2_
x L 15p* ~150p" +510p 675p+274A6y+ """"
i 360
When p =0
dy 1], , 11, 5 . 137 }
=—|AYy-ANy+—Ay——ANy+—Ap+.... 2
R e A T R A S T @
Putting the values in (2) we get.
2
d«zv - 12[—0.030—0.004+H(—o.001)—§(o.003)}
dx* ) (0.1) 12 6
:OLOI[—oao—0.004—0.0009—0.0025]

ZL[—O.O374] =-3.74
0.01
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Stirling Formula for derivatives:

f(a+ph):f(a)+p{Af(a)+Af(a h)

2
L (=D {Nf(a ~W+Af(a —2h>}

} Af(a h)

3! 2

MDA F@=2h)+ oo )

4
hf'(a+ph):[Af(a)+§f(a_h)

. 3p° 1| A’ fla—h)+ A f(a—2h)
6 2

}-pAzf(a—h)

4p*-2p .,
+ 2P TP A DR o
4 Sf( )

= fYa+ ph)= HAf(“)+Af(“ h)+pA2f(a—h)H

L 30 —I[A fla—h)+A f(a—2h)}+2p3—PA4f(a_2h)
6 2 12

= f"a+ ph) =t {A fla-hy+ {Aaf a-tyenf W‘””H

L 6p’-1
= O LAt fla=2m)} + e

Problem: A slider in a machine moves along a fixed straight
rod. Its distance x cm. along the rod is given below for various
values of the time t seconds. Find the velocity of the slider and
its acceleration when t = 0.3 sec.

t 0 0.1 0.2 0.3 0.4 0.5 0.6

X 30.13 |31.62 |32.87 |33.64 |33.95 |33.81|33.24
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Solution: We have to determine velocity (%j and acceleration

(d xj at the point t = 0.3 sec., which is near the middle of the

12

table, therefore central difference formula, will be used.

Difference table is as follows:

p |t X \Y% v’ v’ v* Vv’ Ve

-3 10 30.13

-2 10.1 |31.62 [1.42 |-0.24 |-0.24

-1 102 |32.87 |1.25 |-0.48 [0.02 |0.26

0 (0.3 |33.64 [0.77 |-0.46 {0.01 |-0.01 |0.027 |0.29

0.4 3395 |0.31 |-0.45/0.02 0.02 |0.02

1
2 105 |33.81 |-0.14 {-0.43
3 0.6 [33.24 |-0.57

a=03, a+ph=03=03+p0.1)=03= p=0

By Stirling formula.

Fas =t [Af(a)+§f(a—h)

; 31’26‘1{Nf(“‘h)*zﬁf(“_zh)}prz_pA“f(a—zhH ..... )

Putting the value of p=01in (1), we get
P :l{Af(aHAf(a—h) _l[A3f(a—h)+A3f(a—2h)H

}+pA2f(a—h)

h 2 6 2

L[N f@=2h)+ A f(a=3h)],
30 2

+
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'0.3)=— —
S103) 2 6 2 30 2

So
1 [0.31+o.77 1(0.01+o.02j+ 1(0.02—0.27)}
0.1

£'0.3)= ﬁ[0.54 —0.0025-0.004167|

=5.333cm / sec.

Differentiating (1) with respect to p, we get

A f(a—h)+A f(a—2h)

AN f(a—h)+p 5

fvv(a + ph) =5 h2 6p

- A“f( ) B

Putting p =0, we get
f"(a)=— [A f(a- h)——A f(a- 2h)+—A f(a- 3h)}

1

L {_0.46——(—0.01)+9—10(o.29)}

SO =55 12

= 00[—0.46+0.00083+0.00322]
=100[—0.45595]

=-45.595

=-45.6 cm/sec’

55
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Newton's Divided Difference formula for derivatives:

Newton's divided difference formula is

S (x)= f(x))+(x = x)Af (x) + (x — xp)(x — xl)Azf(xo)
T (x—x)(x—x)(x - xz)Azf(xo)"' (x = x)(x = x)(x —x,)
+ (x = x;)A* f(x,) upto third differences.

On differentiating with respect to x, we get

F'(x) = Af (x)+[2x = x, = x,JA% £ (x,)
+[3x7 = 2x(xy + X, + X,) + XX, + X%, + X, X, ]A° f(x,)
+[4x° - 3x2(x0 + X, 4+ X, + X))+ 2x(x X, + XX, + XX,
+ XX, F XX+ X,X) XXX, + XX, Xy XX, X,

XX, Xy ]A4f(x0)

S(x) =247 £ (x0) +[6x = 2(x, +x, +x,)]A” £ (x))
+[12x% — 6x(x, +x, +x, +X;)

+2(x,%; + X%, + X5 + X, X, + X, X5 + x2x3)]A4f(x0)
fM(x)= 6A3f(x0) +[24x —6(x, +x, +x, + x, )]A4f(x0)

Problem: From the following table find the Ist derivative at x =
4 using Newton's divided difference formula.

x |1 |2 [4 T8 T10
) o (1[5 21 |27
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Solution: The divided difference table is as follows:

x | fx) | &) Af(x) Af(x) A'f(x)
1 |0 | 1-0_ 211 L
2 |1 |2-1 4-1 3 3 3 1
4 |5 5-1_, 4-2 1 81 6 1
8 |21 | 4-2 §-2 3 | _1_1 1 10-1 144
21-5 3-4 1| _6 3
10 |27 | =—== S S =
84 10-4 6| 10-2 16
27-21 _

Newton's divided difference formula is:

S(x) :f(xo)+(x_xo)Af(xo)+(x_xo)(x_x1)A2f(xo)
(=2 )(r =2, )(x =, )A £ (%) + (x = 2%, )(x = x, ) (x = x,)

+ (x—xy)AY f () +

S'(x)=Af (x)) +[2x —x, _xl]Azf(xo) +[(x = x)(x = x,)
+(x = x)(x = x,) + (x = X )(x = xl)]A3f(x0)
+H[(x = x)(x = X)) + (x = %) (x = x,)(x — x;)

Fx = x,)(x = x)(x = ;) + (x = %) (x = x)(x = ) ]A* £ (X)) errvnvnnen. (2)

Here x=4, x,=1, x,=2,x,=4, x,=8, x,=10

M (5) =L A F (5) =50 A F(5) =0, A f () =~

4
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Putting these values in (2) we get,

f'(4)=1+[8—1=2]%+[(4—2)(4—4)+(4—1)(4—1)(4—2)
+(4-1)(4-2)]x0+[(4-2)(4-4)(4-8)+(4—-1)(4—-4)(4-98)

+(4-D(4-2)(4=-8)+(4-1)(4-2)(4~ 4)](—%)

:1+§+O+[2x0x(—4)+3x0x(—4)+3x2x(—4)+3x2x0](—ﬁ)

11

=1+§+ =—=2.833
3 6 6

Lagrange’s Method for derivatives:

Problem: Find out first derivative and second derivative from
the following data by Lagrange’s method.

X 1 |3 -4
fx) |3 |-5 4

Solution: Lagrange’s formula for interpolation is

f(x)= (x=x)(x—x;) fx)+ (x=x)(x—x;) f(x,)

(xl X )(xl _x3) (xz _xl)(x2 _x3>
+ (x_xl)(x_xz)) £(x)

(x3 - xl)(x3 X

Here x,=1 x;=2 xX;=-4
fx)=3  flxr)=-5  flx3)=4
= f(x)= (x—2)(x+4)x3Jr (x—1)(x+4)
(1-2)1+4) 2-1D)12+4)
N (x—-1D(x-2) 4
(-4-1)(-4-2)

(=3)
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=(x’ +2x—8)(—%j+(x2 +3x—4)(—%j+(x2 —3x+2)(3ioj

(352)2(6154j (24107)
= —=——=+—[x"+| —=———-— — x4+ —+—+—
5 6 15 5 6 10 5 3 15
13, 41 42 1 )
= = xS =——(13x> +41x -84
SO =107 "1 5 Ty A8
Differentiating with respect to x, we get

f(x) = —%(26;” 41)

Again with respect to x, f"(x)= —%x 26 = _§
Exercise

1. Given the following data, find  »'(6) and the maximum value of y (if it exists)

x: 0 2 3 4 7 9

y: 4 26 58 112 466 922
2. Find first and second derivative of the function tabulated below at
x=0.6
x: 04 0.5 0.6 0.7 0.8
y:  1.5836 1.7974  2.0442 2.3275 2.6511

3. Compute f'(3) from the following table:
X: I 2 4 8 10
vy 0 1 5 21 27

4. A rocket is launced from the ground, find it’s velocity and
acceleration, the distance at different time is given below:

t (sec) : 0 1 2 4
X (km) : 0 20 60 120
5. Find the values of d’y / dx”at x = 5 and d*y / dx*at x = 0.5 from
the following table:
X: 0 1 2 3 4 5

Y: 4930 5026 5122 5217 5312 5407
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Exercise

6. Given the following data find f* (6)

X 0 |2 3 4 7 9
y 4 126 58 112|466 922

7. Find the first and second derivative of the function tabulated
below at the pointx =1.5

X 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 7.0 13.625124.0 |38.875]59.0

8. The table below gives the velocity of a body during the
specified time t. Find the acceleration at t =1.1:

t 1.0 | 1.1 1.2 1.3 1.4
v 43.1 147.7 |52.1 564 [60.8

9. Find % at x = 1.72 and x=1.76 from the following table:
X

X 1.72 1.73 1.74 1.75 1.76
y 0.17907 | 0.17728 | 0.17552 | 0.17377 | 0.17204

9
10. Find f* (0) and j f(x)dx from the following table:
0

()
N
(O8]

X 4 7 9
f(x) 4 26 58 110 460 920




